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SYMBOLS 
෡   Normalization of a vector 
் 	  Transpose of a vector 
∗  Value of a variable optimizing a function.  
ഥ   A vector representing a point in 3-space expressed in a coordinate system 
whose origin is at the singularity point of a cone  
ܣ  Area 
ࢉ(ݑ)  Directrix curve of a ruled surface 
ܥଵ and ܥଶ Constants for calculating a geodesic of a cone 
ࢊ or ࢊ௜௡௧   Direction vector of an intersection line between two planes 
ࢋ(ݑ)  Generator line of a ruled surface 
ࢍ(ݑ)  Geodesic of a surface 
ℎ  Thickness of a metal plate or shell or height 
ࢎ଴  The longitudinal axis direction vector in a cylindrical coordinate system 
ܬ(ݑ)  Length of a directrix curve section from 0 to ݑ 
K Location of the neutral surface relative to thickness 
࢒௜  A vector on a polygon edge pointing inside 
ܮ(ݔ଴, ݔଵ)  Line segment between points ݔ଴ and ݔଵ 
ܮ  Length (of a geodesic or a bend) 
ܮtotal  Total length of a bend including plate extensions 
ܮ௜  Bend end segment on side ݅ ∈ {1,2} 
ܮcurve   Length of the curved section of a bend 
݉  The steepness of a cone defined as height / radius 
ܯ  Moment acting at the end of a metal sheet 
࢔  Normal vector of a surface 
࢔௅   Normal vector of a line segment 
ࡼ௘   Counter-clockwise ordered polygon on a plane in 3-space 
࢘଴  A known polar axis direction vector in a cylindrical coordinate system 
ܴ  The radius in a cylindrical coordinate system 
ܴmax(ߠ) and 
ܴmin(ߠ) Radial coordinate value of the outer and inner lateral boundary respectively 
࢙(ݑ)  Singular curve of a developable surface 
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࢙௚ௗ   Reference geodesic curve 
ݐ  Independent variable of a curve or a line 
ݑ  Variable of the directrix curve trajectory function of a ruled surface 
ݒ  Generator line independent variable of a ruled surface 
ݒ௦  Generator line independent variable value at singularity point 
ݓ  Width 
ݔ௞
௜   The x-coordinate of the kth polygon point on the polygon on side ݅ 
expressed in the local two dimensional coordinates of the polygon plane.   
ݔmax(ߠ) and ݔmin(ߠ) The x-coordinate value of the lateral boundary of a conical bend 
࢞௅௜   A point on end section ݅ 
࢞  Location of a point in 3-space 
࢞௦  Singularity point of a developable surface, i.e. apex of a cone 
࢞௜௡௧   A point on the intersection line between two planes 
ݔଶ஽  The x-coordinate of a point on an unfolded plane 
ݕ௞
௜   The y-coordinate of the kth polygon point on the polygon on side ݅ 
expressed in the local two dimensional coordinates of the polygon plane.   
ݔmax(ߠ) and ݔmin(ߠ) The y-coordinate value of the lateral boundary of a conical bend 
ݕଶ஽   The y-coordinate of a point on an unfolded plane 
z Level of the neutral surface 
ߙ  Angle between planes. Defined as the angle between the normal vectors 
of the planes. 
ߚ  Slope of a line (discontinuity boundary) on a plane defined by a polygon 
ߚ଴  A constant replacing the variable ߚ in the linear approximation of bend 
length 
ߛ  The independent variable of a line between two points on the unfolded 
plane 
ߜ  The independent variable of a line between two points on the unfolded 
plane 
ࢾ௜   Discontinuity boundary line on side ݅ ∈ {1,2} 
ߪ  Stress acting on a fiber in metal 
߳  Strain of a fiber in metal 
߳଴  A small real number 
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ࣕ  Array or binary variables indicating the set of selected vertex points, or a 
vector with a small length.  
ߢ  Curvature 
ߣ(ݑ)  Function defining the location of the first lateral boundary of a cylindrical 
bend 
ߦ  A value defining how much the user is willing to trade off additional bend 
width for additional length. 
Σ  Summation or a set of elemental plate surface points in space 
Ψ  Location of the neutral axis/surface in absolute terms 
ߠ  The azimuth angle in a cylindrical coordinate system 
ߠ଴  The azimuth angle of a conical bend at the discontinuity boundary, half of 
the opening angle of a  
Δmax and Δmin Distance from the reference geodesic to the outer and inner lateral 
boundary respectively, along the generator line 
߱(ݑ)  Function defining the location of the second lateral boundary of a 
cylindrical bend 
  
1 INTRODUCTION 
The purpose of this thesis work is to study how bent steel structures can be modeled in a 
software product, and based on that knowledge, develop an algorithm that helps the 
software user to easily create the most common manufacturable bent plate structures. The 
basic concepts and research problems are presented as well as some of the most relevant 
literature is reviewed. In the thesis, a bent plate modeling concept shall be sketched and 
a prototype be built. Similar concepts have been developed for instance by Yeh et al. 
(1995). Linear programming has not been widely used in the context of CAD or BIM, but 
Yang & Chuang  (1994) have adopted a somewhat similar approach for solving a 
relatively similar problem, yet from a different perspective and optimizing a different 
objectives. 
Tekla Structures is a Software Product for designing and detailing steel structures. It is 
the main tool of many structural engineers working for construction firms, engineering 
offices and steel fabrication companies. Its current version 20.1, however, does not 
support bent steel plates.  
Bending and folding of plates is a relevant subject of study in many fields. Dating back 
to the old Japanese tradition of paper-folding or origami, folded and bent plates are used 
for example in package design, ship design, construction and architecture, automobile 
design, and other industrial design. (Liu & Tai, 2007; Yeh et al., 1995; Pottmann et al., 
2008) 
In sheet metal fabrication, the work starts with a flat piece of sheet metal that is thereafter 
bent, curved and otherwise machined. However, when designing a bent plate structure 
with a CAD tool or a BIM tool like Tekla Structures, the designer first designs a three-
dimensional description of the metal part, based on which the computer program should 
be able to compute sufficient directions for the fabricator (either a person or a machine) 
to be able to produce the part. Chuang & Huang (1996) have studied a similar problem. 
Due to technological advances and increased use of BIM, there is an increasing demand 
for more complex steel designs, often containing bent steel plates. Also designers are 
accepting assignments with more complexity than before. To tackle the complexity and 
to be able to model bent plates in an effective manner, an easy-to-use tool is needed for 
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modeling the bent plates, unfolding the bent plate into the unbent state and creating the 
drawings and automatic machining instructions (computer numeric control) necessary for 
fabrication. 
Eventually architects are hesitant to hold to conventional plane surfaces and modern 
architecture utilizes curved surfaces. More and more architectural projects also include 
double curved structures and so called free-formed structures where they do not follow a 
strict form.  It is therefore obvious, that modern engineering and steel detailing tools ought 
to support curved and possibly double curved structures. (Pottmann et al., 2008; Eigensatz 
et al., 2010) 
The introduction of a bent plate concept to a BIM software like Tekla Structures would 
affect many stakeholders in the process of designing and building bent plates structures. 
Architects and designers do not want to be tied to simple, straight structures, engineers 
often face situations where they need to model bent shapes. Steel detailers also need bent 
steel plates in their work, and they need to provide the production information to the 
fabricators, who eventually manufacture the bent shapes from raw material. 
The modeling of the bent plate structures would have to be done in an intuitive manner 
suiting the most common use cases. In addition to the restrictions introduced by the 
workflow of the end user,  physical  and geometrical  minimum requirements have to be 
satisfied. This thesis aims at finding a simple modeling method for a civil engineer to 
model feasible bent steel plate structures so that the user needs to provide a minimal 
amount of input. 
The thesis is structured as follows. Section 2  reviews the literature concerning topics 
related to bent steel plates and the software presentation of solid objects. Thereafter, in 
Section 3 the concepts and terminology used in the thesis are presented. In Section 4, the 
methods for generating and verifying the feasibility of the software presentation of bent 
plates are introduced. In Section 5, results are given and finally Section 6 draws 
conclusions. 
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2 LITERATURE REVIEW 
2.1 MATHEMATICAL MODELING OF BENT PLATES AND SHELLS 
Bending of metal plates is widely discussed in literature. One can get a good 
understanding of the classical theory of plates and shells from literature. (Timoshenko et 
al., 1959; Timoshenko & Gere, 2012; Reddy, 2006; Tongxi & Zhang, 1996). 
In this thesis, classical theory of plates and shells is applied to plates of uniform thickness 
and a single isotropic material. Because we are defining a concept for permanently 
deformed (bent) plate structures, plastic deformations of metals are to be studied. 
Kinematics is the part of classical mechanics that studies the motion of a point or a set of 
points in material without taking into account the forces causing the movement. 
“Kinematics is the study of the geometry of motion” (Beggs, 1983). The kinematic study 
of deformation of a body is mainly concerned with the geometry of the displacement of 
the  body.  In  the  thesis,  we  aim  to  understand  the  geometry  of  the  bent  plates  –  thus  
kinematic properties of plane bending are studied. 
There are two distinct theories of plastic bending, the engineering theory of plastic 
bending and the mathematical theory of plastic bending. The engineering theory of plastic 
bending was developed mostly in the beginning of the 20th century and is relatively simple 
but enough for many engineering applications. The engineering theory of plastic bending 
assumes that the centroidal axis, the neutral axis and the unelongated axis are all in the 
same place. It also assumes that the cross sectional shape of the body will not change 
during bending, only considers one-dimensional stress and neglects the traverse sheer 
stress on cross sections (Tongxi & Zhang, 1996). 
The neutral surface is the surface inside the metal where the fibers do not experience 
stress or strain.  During bending, on the outer side of the neutral surface, the fibers of the 
metal are under tension and on the inner side of the metal they get compressed. Neutral 
axis is the cross section of the neutral surface and the cross section of the bent object 
perpendicular to the angle of the bent section. In two-dimensional cases, where the bends 
are cylindrical, it is enough to study the neutral axis, because it is the same with all cross 
sections of interest. This is not the case with non-cylindrical bends such as bends with a 
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conical geometry. In Figure 1, the displacement of the neutral axis due to plastic bending 
is depicted. 
The unelongated layer is the surface of the bent section whose area remains the same 
before and after bending. An unenlongated axis is a similar two-dimensional concept for 
the unenlongated layer as the neutral axis is for the neutral surface. Also, all the 
unenlongated axes have the same length before and after bending. 
The central axis of the bend is in the geometrical center of the cross section of the plate 
to be bent.  
2.2 BENDING OF A SIMPLE BEAM 
In the engineering theory of plastic bending, one assumes that the neutral axis, the 
unenlongated axis and the central axis coincide. In the simplest case, let us consider a 
rectangular long beam that consists of fibers parallel to the length of the beam. The beam 
is subject to two moments ܯଵ = ܯ	and	ܯଶ = ܯ acting on its ends, bending the whole 
beam creating a cylindrical bend.  In the beginning, the neutral axis lies at the center of 
the beam. When starting to bend, all the fibers on the convex side of the neutral line 
experience tension and on the concave side, compression. The stress-strain relationship 
for the fibers is different for compression and tension:  
 ߪ = ൜ ௧݂(ߝ), ߝ ≥ 0
௖݂(ߝ),ߝ ≤ 0, (1) 
 
where ߪ	denotes	stress,	and	ߝ	denotes	strain. Because of the round shaped intersection 
of the bend and the fact that the neutral fiber experiences no strain (or stress) if the 
unenlongated and the neutral fiber coincide, the strain for a given fiber is proportional to 
the distance of the fiber from the neutral axis	ݖ: 
 ߪ(ݖ) = ൜ ௧݂(ݖߢ), ݖ ≥ 0
௖݂(ݖߢ), ݖ ≤ 0, (2) 
 
where ߢ is the curvature of the bend.  
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Figure 1. Bending of a simple beam using the engineering theory of 
plastic bending 
 
According to Nádai (1950), the following conditions need to apply to pure bending in the 
classical engineering theory of plastic bending: 
 
 
⎩
⎪⎪
⎨
⎪⎪
⎧
ඵߪ݀ܣ = 0
஺
ඵߪݖ݀ܣ
஺
= ܯ, (3) 
 
where A is the cross section around the longitudinal axis of the beam. Because of the 
rectangular shape of the beam intersection around its longitudinal axis, and because of 
the formulation of the stress strain relationship in (2) and (3) can be written as 
 
⎩
⎪
⎨
⎪
⎧ න ߪ(ݖ)݀ݖ௭భ
௭భି௛
= 0
න ߪ(ݖ)ݖ݀ݖ௭మ
௭భି௛
= ܯ
ݓ
, (4) 
 
where ℎ is the height of the beam and ݓ the width. We know that the neutral axis lies on 
the level	ݖ = 0, and that the top surface of the bean on the level ݖ = ݖଵ. But here the value 
of ݖଵ  is unknown. Thus (4) can be used to evaluate the location of the neutral axis. 
Because the stress ߪ  is of a different form for fibers on the inner side of the bend (below 
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the neutral axis) and on the outer side (above the neutral axis) of the bend, and because 
ݖଵ is not known, the location of the neutral axis is a function of the curvature of the bend 
 ݖଵ = Ψ(ߢ). (5) 
 
2.3 THE SOFTWARE PRESENTATION OF SOLID OBJECTS 
The solid representation models aim to determine whether a given point in space is within 
a solid or not.  “The objective of solid modeling is to represent, manipulate, and reason 
about; the three-dimensional shape of solid physical objects, by computer” (Hoffmann & 
Rossignac, 1996). Adequate and suitable representation technique is needed to efficiently 
perform the latter stages of solid modeling: manipulation and reasoning. In this thesis, 
modeling of only physically feasible solids of single homogenous material are considered. 
Several techniques for representing solid objects in software tools have been developed 
and are used. However, the most used approaches for solid representation are the 
following (Hoffmann & Rossignac, 1996; Stroud, 2006): 
· Spatial subdivision 
· Constructive solid geometry (CSG) 
· Boundary representation (Brep) 
In CSG, a solid object is represented as a composite of primitive solid objects using set 
theoretic Boolean expressions. The primitive solid objects are traditionally block, sphere, 
cylinder, cone and torus. The Boolean operations used are normally union, intersection 
and difference (Voelcker & Requicha, 1977; Hoffmann & Rossignac, 1996). Thus, for 
example a capsule can be represented using two spheres and a cylinder. 
Spatial subdivision methods decompose solids into simple geometrical objects, so called 
cells. Spatial subdivision methods are further divided into two groups: boundary 
conforming and boundary approximating representations.  Boundary conforming 
representations are such that the space is divided into geometries that exactly define 
boundaries of the solid. An example of such a representation is a binary space partition 
tree (BSP tree). BSP tree is a binary tree structure whose nodes are separator planes that 
divide the space into two different subspaces. Those subspaces can either be further 
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divided into two subspaces (a sub-tree) or be considered as the leaves of the tree structure. 
The leaves of the BSP tree represent the points that either belong or do not belong to the 
solid, depending on the value of the leaf. 
Boundary approximating spatial subdivision methods divide the space into a standard 
division such as a grid.  Each cell  either belongs or does not belong to the solid.  Thus,  
such a representation can only approximate objects that are not directed along the grid. 
(Hoffmann & Rossignac, 1996; Stroud, 2006) 
In a boundary representation model (Brep), the object solid is modeled in terms of its 
boundaries. A Brep model consists of topological objects (faces, edges and vertices) and 
geometric information of the topological objects. The topological objects define the 
topological structure of the model, that is, whether an object consists of the other, or 
whether they are adjacent. The topological and geometric object together define which of 
the points of the space belong to the object, which do not. 
2.3.1 THE BASIC BREP DATA STRUCTURE 
In a Brep model, the topological data and geometrical data are separated. The topological 
units: vertices, edges and faces define the dependencies and topology or structure of the 
“skin” of the solid, whereas the equivalent geometric objects: points, curves and surfaces 
define the shape and location of the equivalent geometry. 
 
Figure 2. Surface, curve and point are the geometric equivalents of the 
topological objects face, curve and vertex, respectively. 
 
The data structure of a Brep is natural to be grouped into two categories, the topological 
and geometrical variables. A simple Brep data structure is as follows based on the 
modeling principles in Mäntylä (1988): 
8 
 
 
Figure 3. A simple Brep solid data structure 
 
On the left column of the Figure 3, the topological types are listed. On the right side the 
associated geometrical objects are shown. Two new types, shell and loop, are also 
introduced. The topological types in a BREP solid presentation are defined as follows: 
VERTEX: A vertex is a node of the datastructure, lying at a point in space 
EDGE: An edge is a segment of a curve, running between two vertices. … 
FACE: Faces are portions of surfaces. Faces are bounded by loops, which are ordered sets of 
edges. 
LOOP: In its simplest form, the model datastructure consists only of faces, edges and vertices. 
However, this does not allow multiply connected faces, where there is an outer boundary and one 
or more inner boundaries. To allow this kind of model the edges bounding a face are divided into 
closed circuits of edges, called Loops. 
… 
SHELL: Each closed set of faces in the object forms a Shell. It is useful to represent these shells 
explicitly in some way in a model, rather than having to retrieve the information by traversing a 
faceset to see if it is closed. 
… 
POINT: A zero-dimensional entity, a position in 3D Euclidean space defining the position of a 
vertex. 
CURVE: A one-dimensional entity defining the shape of an edge. 
SURFACE: A two-dimensional entity defining the shape of a face … 
(Stroud, 2006) 
2.4 GEOMETRY REQUIREMENTS 
In this section the requirements for the geometry of an unfoldable surface are discussed. 
Unfoldability is discussed extensively in literature, and a surface needs to satisfy four 
different prerequisites so that it can be unfolded onto a plane: developability, local 
geometrical unfoldablility, global geometrical unfoldability and topological 
unfoldability. All four are discussed in this section. 
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2.4.1 DEVELOPABILITY 
First, a plate with a zero height is considered, so that only the bending of surfaces can be 
studied. According to Pottmann et al.  (2008) a surface can be unfolded onto a plane so 
that the distances remain the same before and after unfolding, if the surface is 
developable. All developable surfaces in 3-space are ruled surfaces, so developable 
surfaces can be parameterized using the parameterization of a ruled surface (Peternell, 
2004): 
 ࢞(ݑ,ݒ) = ࢉ(ݑ) + ݒࢋ(ݑ), (6) 
 
where ࢞, ࢉ, ࢋ ∈ ℝଷ  and ݑ, ݒ ∈ ℝ. The function ࢉ is called the directrix curve. A ruled 
surface is such, that it can be built of a set of lines. These lines – the generator lines – can 
be found by fixing the value of ݑ in (6). The surface is developable, if all the points on a 
generator line have the same tangent plane, i.e. they all have the same normal vector 
direction. The normal vector of a ruled surface can be expressed as: 
 ࢔(ݑ, ݒ) = ࢉᇱ(௨) × ࢋ(ݑ) + ݒࢋᇱ(௨) × ࢋ(ݑ)	. (7) 
 
If the normal vectors are the same for all ݒ ∈ ℝ, when ݑ is fixed, the direction of the 
normal vector has to be the same independent of the parameter ݒ. This is the case when 
ࢉᇱ(ݑ) × ࢋ(ݑ) 	 ∥ ݒࢋ′(ݑ) × ࢋ(ݑ), which is equivalent to 
 ࢉ′(ݑ) × ࢋ(ݑ) 	 ∥ ࢉ′(ݑ) × ࢋ(ݑ). (8) 
 
This condition is equivalent to the vectors ࢉ′(ݑ), ࢋ(ݑ) and ࢋ′(ݑ) being on a plane, thus 
being linearly dependent 
 det(ࢉ′(ݑ),ࢋ(࢛), ࢋ′(ݑ)) = 0. (9) 
 
A developable surface can have a singularity point, where the generator lines meet. At 
such a point, the normal vectors of the curve are not well-defined. When approaching the 
singularity point, the value of ࢋ approaches zero, and thus the proportional length of the 
normal vector approaches the length of the first term of the expression in (7): 
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(ࢉ′(ݑ) × ࢋ(ݑ) + ݒ௦ࢋ′(ݑ) × ࢋ(ݑ))ଶ(ࢉ′(ݑ) × ࢋ(ݑ))ଶ = 1, (10) 
 
 where ݒ௦ is the value of the variable ݒ at the singularity point. From the equation above, 
we get by substitution 
 ݒ௦ = −൫ࢉᇱ(ݑ) × ࢋ(ݑ)൯ ⋅ ൫ࢋᇱ(ݑ) × ࢋ(ݑ)൯
൫ࢋᇱ(ݑ) × ࢋ(ݑ)൯ଶ . (11) 
 
The singularity point defines the type of the developable surface. If there is one single 
singularity point at infinity, the surface is cylindrical. If there is one single finite 
singularity point, the surface is conical. In the third case, the singularity points form a 
space-curve, the singular curve ࢙(ݑ) = ࢞൫ݑ, ݒ௦(ݑ)൯. (Peternell, 2004) 
2.4.2 EXCLUSION OF OVERLAPPING UNFOLDED SURFACES 
Because the shells must be unfolded onto a single metal plate, i.e. the three dimensional 
object has to be able to be made out of the two dimensional (unfolded) object, the folded 
object must have no overlapping surfaces in the unfolded object. In Figure 4, there is an 
example of a legal and an illegal unfolded object. The property of no overlapping surfaces 
arising is called global geometric unfoldability (Wang, 1997). 
 
Figure 4. Unfolding a legal object and an overlapping object. 
 
The validation of the unfolded surface for overlapping polygons is generally solved by 
first unfolding the part and after that verifying that the two dimensional shape does not 
overlap itself, see for instance (Liu & Tai, 2007; Tai et al., 2004). In Liu & Tai  (2007), 
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the problem has been solved for a polygon. There are many algorithms for finding 
whether a simple polygon is self-intersecting or not. The detection of self-intersection in 
the case of a general closed loop curve is discussed by Pekerman et al. (2008). 
2.4.3 LOCAL GEOMETRIC UNFOLDABILITY 
 Local geometric unfoldability is defined in terms of corners. ”A corner is deﬁned as the 
intersection of three or more connecting faces.” (Wang, 1997) A corner is locally 
unfoldable, if the sum of the face angles at the corner exceeds 2ߨ. The face angle is 
defined in “unfolded” terms, meaning that for instance in the case of unfolding a sector 
of cone surface through the singularity point (apex) of the cone, and the singularity point 
coincides with the corner under investigation, the face angle is the angle of the corner on 
the unfolded flat surface. If an object is globally geometrically unfoldable, it is also 
locally geometrically unfoldable. Therefore, it is not always necessary to verify the local 
geometric unfoldability.  
2.4.4 TOPOLOGICAL UNFOLDABILITY 
Topologically unfoldable part is such that all the connections of the part remain connected 
when unfolding occurs. Intuitively it means, that the part should be such that it can be 
unfolded without cutting. Topological unfoldability has to be verified during the process 
of the user modeling the part.  
Yeh et al. (1995) suggest an algorithm based on face-edge-graph to verify the topological 
unfoldability of a sheet-metal part. In a face-edge graph, the faces of the (zero-thickness) 
plate composite are represented by the nodes of the graph. The connecting edges that 
connect the faces together with bend sections are represented by the linkages of the graph.  
Figure 5. Face-edge -graph presentation of two sheet metal parts. 
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If the graph can be presented as a tree, the part is always topologically unfoldable. A 
graph being a tree is equivalent to 
 ݊ − ݈ = 1, (12) 
   
where ݊ is the number of faces and ݈ is the number of edges in the graph. 
In the case of a tree (or a chain), the part can easily be unfolded. In the case of a loop, 
unfolding cannot necessarily be done. This is illustrated in Figure 5. Even though, it is 
enough for the edge-face to be a tree in order to be unfoldable, there are cases where the 
graph is not a tree, but still it can be considered topologically unfoldable. Such an example 
is given in Figure 6. 
 
Figure 6. A bendable object with a loop in its face-edge graph 
 
Such cases with loops in the face-edge graph that can still be unfolded, can however be 
reduced into the form of a tree formed face-edge graph. The algorithm presented in Yeh 
et al.  (1995) groups the nodes in sub graphs, and determines whether the group is 
topologically unfoldable. If the group is topologically unfoldable, it also checks whether 
the folded surfaces have “concentric arcs”. This is essentially a special case of verifying 
that the folded surfaces (for example A and B in Figure 6) are subspaces of the same 
developable surface. 
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3 CONCEPTS AND TERMINOLOGY 
In this section the concepts and terminology used in the thesis are introduced. Because 
the aim of this thesis is to introduce an automated way of creating a model of a metal shell 
in a computer program, the concepts on which the model is based are presented here.  
3.1 BENT PLATE STRUCTURES 
A bent plate structure is a data model or a software presentation that corresponds to a steel 
shell that can be produced by bending a flat steel plate possibly several times. In the thesis, 
a bent plate structure can have areas that are planar and areas that are curved, as long as 
it can be fabricated from a flat steel plate. The result is an object in 3-space that consists 
of straight, unbent plates and bends that connect the unbent plates. The simplest case is a 
plate with one parallel bend with a zero-radius.  
 
 
 
(a) (b) (c) 
Figure 7. A bent plate with a single parallel bend with a zero radius. 
 
The object depicted in figure Figure 7.a consists of two unbent parts and one bend. A bent 
plate can have several bends as in Figure 7.b. Also, it is often not possible to assume that 
the bends are totally sharp, i.e. have a zero radius. A bend with a positive radius is shown 
in Figure 7.c. 
In all of the example bent plate structures mentioned above, the two edges connected with 
a bend are parallel bends. This means that all the folding lines are parallel to each other. 
A folding line is a line on a flat plate around which the plate is then folded. A bend with 
a cylindrical shape can be thought of consisting of an infinite number of folding lines, 
along which the plate is bent. Non-parallel bends are also studied in the thesis, i.e. bends 
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whose connected edges and folding lines are not parallel to each other. A conical bend 
presented in Figure 8 is an example of a non-parallel bend.  
 
Figure 8. A bent plate with a single non-parallel bend.  
  
Often steel plates are bent in order to create pipes or structures of a form of a section of a 
cone. Unlike all  the previous examples,  a pipe is  not a connecting bend, and only one 
edge (and a radius or radii and the direction) is needed to define this structure. 
 
Figure 9. A truncated cone.  
 
3.1.1 BENT  PLATE STRUCTURE TOPOLOGY SOFTWARE PRESENTATION 
In order to model a bent plate structure as described above, a graph structure is needed 
with both bends and non-bent plates to describe the connections (topology) of the bent 
plate structures. Based on the description above, both the folded (3D model) and unfolded 
version (2D shape) of the bent plate structure has to be able to be generated. A tree is a 
graph structure that always produces a topologically unfoldable structure. For that reason, 
and because this thesis does not focus on topological unfoldability, a bent plate structure 
is modeled as a tree of straight and bent sections in the context of this thesis. An example 
of a bent plate topology software representation is presented in Figure 10. 
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Figure 10. Bent plate tree structure 
 
3.2 ELEMENTAL PLATES 
Elemental plates are geometrical objects that correspond to flat areas of a steel shell made 
of a flat steel plate by bending. A bent plate structure consists of (also) elemental plates. 
In this section, elemental plates are defined as sets of points in space belonging to the flat 
area of the steel shell. 
The concept of an elemental plate is introduced because of the chosen modeling approach, 
where a bent plate is modeled by introducing the geometry and locations of flat steel 
plates as they are located as a result of bending. The reasoning behind this approach is, 
that the flat areas’ orientation and location may be connected to other objects by a welding 
or a bolt. The approach is thus chosen to make such connections (typical in BIM models) 
possible. 
Elemental plate surface:  
The elemental plate surface Σ is all the set of all the inner points of a simple polygon	 ௘ܲ . 
For example, ray intersection method (Huang & Shih, 1997) can be used to find out 
whether a point is inside a polygon. 
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 ࡼ௘ = 	 ൥࢞૚⋮
࢞࢔
൩, (13) 
 
where ࢞௜ ∈ ℝଷ, and n is the number of the polygon points. 
The polygon points xi are on a plane. Let the vector normal to the polygon edge from 
points ࢞௜ to ࢞௜ାଵ be denoted ࢒௜. This vector is also on the same plane as the points and it 
is pointing inside the vector from the edge. 
Elemental plate: An elemental plate is the set of points y, for which y is less or equal 
than the distance ௛
ଶ
, ℎ ∈ ℝ from an elemental plate surface point ࢞, and the distance 
vector is perpendicular to the elemental plate surface. 
Elemental plate border face: An elemental plate border face is the points on the edge of 
the elemental plate. The top and the bottom of the elemental plate are not plate border 
faces. An elemental plate border face ܧ௜: 
 
࢞	 ∈ ܧ௜ ,	iff	∃(ܽ௜, ௜ܾ),࢞ = ࢞௜ + ܽ௜ℎ࢔ + ௜ܾ൫࢞௝ − ࢞௜൯  
 − ଵ
ଶ
≤ ܽ௜ ≤
ଵ
ଶ
	
  0	 ≤ ௜ܾ ≤ 1	
  ݆ = 1,	if	݅ = ݊,	otherwise	݆ = ݅ + 1, 1 ≤ ݅ ≤ ݊, ݅, ݆ ∈ ℤା. 
(14) 
 
The  elemental  plate  edge  normal  points  out  of  the  elemental  plate.  I.e.  it  is  the  same  
direction as −࢒௜. 
Elemental plate border segment:  The  middle  section  segment  and  the  normal  of  an  
elemental plate border face. The middle segment is also the corresponding edge of the 
Polygon ௘ܲ . The elemental plate border segment has an infinite number of normal vectors, 
but  in  this  thesis  when  referring  to  elemental  plate  border  segment  the  vector  −࢒௜  is 
referred. 
3.3 BENDS 
A bend is the part of a bent plate structure that is not part of the elemental plates. A bend 
is here defined as points in space around the neutral surface of the bend. 
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The K –coefficient: The K –coefficient determines how far away the inner face of the 
bent shell is from the neutral surface of the shell. This coefficient is based on the metal 
properties and the local curvature of the bend. (Timoshenko & Gere, 1961) 
Bend end segment is  a  line  segment  that  belongs  to  and  lays  at  the  edge  of  the  bend  
neutral surface. Bend end segment is a line segment ܮ(࢞଴, ࢞ଵ) = {࢞ = ࢞଴ + ܽ(࢞ଵ −
࢞଴)|0 ≤ ܽ ≤ 1}. It also has a normal vector ࢔௅  that is perpendicular to the segment L. 
Bend neutral surface: Let	ܵ be a smooth, developable 2-manifold in ℝଷ. The surface S 
is defined using the parameterization of a ruled surface so that 
 ࢞(ݑ,ݒ) = ࢉ(ݑ) + ݒࢋ(ݑ),ݔ, ݁, ܿ ∈ ℝଷ, ݑ,ݒ ∈ ℝ ⇔ ࢞ ∈ ܵ. (15) 
 
The normal for the bend neutral surface is calculated using (7). Let us denote the normal 
࢔(ݑ, ݒ). 
If S is a bend neutral surface, it fulfills the following conditions: 
1. ∀࢞௜ ∈ ܮ௜	∃࢟௜ ∈ ܵ	ݏ. ݐ.		࢟௜ − ࢞௜ = ቀܭ(ݕ௜) − ଵଶቁΝ(ݑ௜,ݒ௜) 
2. ࢔(࢟௜) ⊥ ࢔௅೔  
3. ݂(࢟ఢ + ࢿ) = 0	 ⇒ ݂(࢟ఢ − ࢿ) ≠ 0,	where	࢟ࣕ,࢟௜ ∈ ܮand	‖ࢿ‖ → 0	and	࢔௅೔ +
ࢿ > ࢔௅೔ − ࢿ, ݅ ∈ {1, 2}	. 
ܮଵ	and	ܮଶ are bend end segments. 
Bend: A bend is defined as a shell with a constant thickness around the bend neutral 
surface. The relative distance of the shell bottom surface from the shell neutral surface is 
given by the K –coefficient. The points ݔ belonging to the bend ܤ can be expressed as 
follows: 
ݔ ∈ ܤ,	iff	∃ݕ ∈ ܵ, ݀ ∈ ℝ	|	ݔ = ݕ + ݀ℎ ∇(ݕ)|∇(ݕ)| ,	where	 − ܭ(ݕ,݂) ≤ ݀ ≤ ܭ(ݕ, ݂) − 1	
	0 ≤ ܭ(ݕ) ≤ 1. 
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4 BEND FITTING 
In this section a method for creating bent plate structures is proposed. Many CAD 
software tools such as SolidWorks and SpaceClaim Engineer support features for 
modeling  bent  plate  structures.  In  these  tools  the  folded  and  bent  plate  structures  are  
modeled as 3D-objects independent of their environment. In a BIM tool like Tekla 
Structures, the connections between 3D-objects play a more important role, and in many 
cases, the bent plate structure should be generated based on its environment. Consider a 
case where two steel beams are connected with a folded steel plate bolted to them. If then 
either of the beams is moved, the folded plate should change accordingly, so that it still 
connects the beams. This modeling approach was selected as a result of discussions with 
Tekla engineers. 
 
Figure 11. Bent plate modeling approach 
 
For this reason, a method for creating bent plate structures based on connecting straight 
metal plates is introduced. A bent plate structure is modeled by introducing the end result 
first and the data model, a 3D model and an unwrapped drawing are automatically 
generated by the software. The end user models the plates to be connected, specifies how 
the plates should be connected, and provides the parameters of the bends. The software 
verifies that the parameters are correct and that the bent plate structure is feasible. 
Thereafter it automatically fits the bend between the plates and creates the model of the 
bent plate structures.  The user is  also given the possibility to edit  the bent plate object 
after the initial specification. 
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This method consists of connecting plates consists of three partially interconnected tasks: 
· Selecting the edges of both planes that are connected, 
· Fitting a curved section between the edges, 
· Defining the shape of the bend boundaries. 
First in this Section 4.1 the fitting of the curved section is discussed. In that part, fitting 
of two special cases of developable surfaces, a cylindrical surface and a conical surface, 
between a known set of plate edges is studied. 
In Section 4.2, different bend boundaries and their parameterizations are discussed and 
ways to define the borders of a bend are suggested. Thereafter in Section 4.4, unfolding 
of a developable surface is discussed, because bend boundaries are often selected so that 
they fulfill certain requirements that require understanding of how the bent section can be 
unfolded. Then aspects of selecting the bend boundary parameterization for a bend are 
discussed and formulas for some selected parameterizations of bend boundaries are 
derived in Section 4.5. This is done for curved sections following a cylindrical or conical 
form. Finally in Section 4.6, it is discussed how the edges to be connected can be 
automatically selected in such a way, that the decision satisfies a considerable portion of 
common use cases. An algorithm based on Mixed Integer Linear Programming (MILP) 
is proposed for automatically determining the topology of the bend. 
The steel plates and shells in this section are assumed to have a thickness of zero. It is 
assumed that the plates have a zero thickness, because the focus of this thesis is to 
understand how elemental plates can be automatically connected to form unfoldable 
geometries, and the location of the neutral surface is not essential for solving the best way 
to connect elemental plates with a curved section. If it is needed at a later point, a positive 
thickness can be assumed, and either the central or the neutral surface and be adjusted to 
follow the theory of plastic bending as introduced in Section 2.2. 
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4.1 BEND FITTING PROBLEM 
In order to construct bent plate structures, we first need to fit two elemental border faces 
with equal heights together with a bend. Because the heights of the bends are equal, it is 
enough that the bend end middle segments are equal to the given elemental plate border 
segments. 
Such a function ݂(࢞),ݔ ∈ ℝଷ needs to be found that satisfies the requirement conditions 
of a bend neutral surface with the given end middle sections. 
Before we can achieve that, we have to know the form of the functional ܭ(ݕ, ݂). Because 
all the shells are of a constant thickness and of the same material, (5) can be used. 
According to it, the location of the neutral axis is a function of the curvature of the bend. 
Because ܭ is the relative location of the neutral surface. 
 ܭ = ܭ(ߢ(ݕ)). (16) 
 
The bend fitting problem can be expressed as follows: 
Given two elemental plate border segments, find the bend neutral surface, i.e. 
the bend end segments ܮଵ, ܮଶ and a developable surface ܵ, so that ܵ fulfills the 
conditions for a bend neutral surface and ܮଵ and ܮଶ are located ቀܭ(ߢ) − ଵଶቁ ℎ 
distance from the corresponding elemental plate border segment, on the 
elemental border face. 
 
Because the neutral surface is always ruled and developable, and directed according to 
the normals of the elemental plate border section, the neutral surface is a constant distance 
from the middle segment of the elemental plate border face. Thus the bend end segment 
and corresponding elemental plate border segment are a fixed distance from each other 
and the same direction. Thus it is enough to fit the middle surface first, build the bend 
geometry based on the middle surface, and only when unfolding the geometry, base the 
unfolding on the location of the neutral surface. Because of this, and the fact that this 
thesis focuses on fitting the bends, bent plates are assumed to have a zero thickness, and 
concentrate on fitting developable surfaces. 
The minimum information to define a developable surface is to define its directrix curve 
and its singularity point or –curve. Let us consider the requirements of the input 
21 
 
(elemental plate border segments) in three different types of developable surfaces, 
cylindrical surface, conical surface and the case of a general singularity curve. 
4.1.1 CYLINDRICAL SURFACES 
First the simplest case, the case of a cylinder is considered. In the case of a cylinder, ruled 
surface parameterization in (15) can be formulated as follows, because the vector ࢋ is 
constant. 
 ࢞(ݑ,ݒ) = 	ࢉ(ݑ) + ݒࢋ. (17) 
 
Now, let us parameterize the end section ܮଵ. 
 ࢞௅ଵ(ݐଵ) = ࢞଴,௅ଵ + ݐଵࢋ௅ଵ. (18) 
 
The section is part of the surface. There has to be a mapping that maps the end section 
parameter ݓଵ to the parameters of the cylinder ݑ, ݒ. 
 ࢞଴,௅ଵ + ݐଵࢋ௅ଵ = ࢉ(ݑ) + ݒࢋ. (19) 
 
By noting ݑ = ݑ(ݐ) and ݒ = ݒ(ݐ) and solving the equation above for ࢉ(ݑ(ݐ)) we can see 
that the values of ࢉ have to be on a plane defined by the section ܮଵ and the vector ࢋ 
 ࢉ(ݑ(ݐ)) = ࢞଴,௅ଵ + ݐଵࢋ௅ଵ − ݒ(ݐ)ࢋ. (20) 
 
Thus we get the intuitive result that the surface ࢞(ݑ,ݒ) is either a plane around the end 
section ܮଵ or ࢋ௅ଵ ∥ ࢋ. Clearly the same result applies to the other end segment ܮଶ. Only 
when ࢋ ∥ ࢋ௅ଵ ∥ ࢋ௅ଶ, there can be a curved surface without planar parts, which connects 
the end sections ܮଵ,ܮଶ. For this reason, the cylindrical bends are called from here on, 
parallel bends. 
When the generator line is not parallel to the end segment (ࢋ௅ଵ ∦ ࢋ), flat surface of the 
elemental plate has to be extended. Therefore the elemental plate needs to be extended at 
least so much that there is a section parallel to the vector ࢋ, or the bending axis of the 
parallel bend. This additional flat area added to the elemental plates to align generator 
lines for fitting is called plate extension in  the  context  of  this  thesis.  The  problem  of  
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finding the minimum plate extension is discussed later in this thesis. Then flatness is no 
longer required form the bend surface. It is assumed that with cylindrical bends that the 
bend axis and end segments are parallel. 
Because of the parallelism, problem of fitting the ends of cylindrical bends can be reduced 
to a two-dimensional problem. There are many different ways of choosing ࢉ that will 
result in the same surface, but the curve with the shortest perimeter is at the surface’s 
intersection with the plane around ࢋ. 
 
The coordinate system for examining the two-dimensional problem is selected so, that 
the  origin  of  the  two dimensional  coordinate  system lies  at  ࢞௅ଵ, and the x-direction is 
defined by the normal	࢔௅భ  of the same end segment. The y-direction is defined by the 
cross product ࢋ × ࢔௅భ. The z-direction is not needed in the two dimensional case, but it 
is defined by the vector ࢋ. The coordinate transformation matrix is 
 
ܣ = ൦ ( ො݊௅భ)் 		൫݁̂ × ො݊௅భ൯்(݁̂)் ൪
ିଵ
.	
 
(21) 
The two-dimensional fitting problem can then be formulated as follows: 
Find such a curve ࢽ(ݑ), ߛ ∈ ℝଶ that fulfills the following conditions: 
1. ∃ݑ଴, ݑଵ ∈ ℝ,	so	that	ࢽ(ݑ଴) = 0,ࢽ(ݑଵ) = ࢞௅మ 
2. ࢽ(ݑ଴) = ቂ10ቃ 
3. ࢽ(ݑଵ) = ࢔௅మ . 
 
Figure 12. The two-dimensional problem of fitting a parallel bend. 
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Several different curve parameterizations can fulfill these conditions. A circular shape is 
often studied in literature (Yeh et al., 1995; Wang, 1997; Eigensatz et al., 2010). However, 
especially with free-formed surfaces, also spline-shaped curves are often used (Zhang et 
al., 2007; Cai et al., 2012; Pottmann et al., 2008). When free-formed (double curved, non-
developable) surfaces are approximated by semi-discrete surfaces consisting of strips of 
developable surfaces, the spline shape is used (Eigensatz et al., 2010). When using more 
advanced metal bending techniques for thin metal plates and the metal is bent in two 
dimensions  to  get  a  double  curved  surface,  splines  are  used  due  to  their  ability  to  
interpolate well complex geometries (Zhang et al., 2007; Cai et al., 2012). 
Let us consider a circle to be fit. It is generally well known that two points and a tangent 
vector at the other point define a circle. In this case, there are two points and tangent 
vectors for both points given. Thus adding a circular bend requires a special condition, 
that the second tangent vector indeed is the tangent vector of the circle defined by the two 
points and one tangent vector. However, in the case of our problem, it is possible that the 
plate is extended. Therefore we can “move” the other point in the positive direction of its 
normal. 
The condition stating that a circle can be fitted between two points can be rephrased in 
the form: The distance of the intersection point of the tangent lines of the end points from 
both of the end points, need to be the same. Figure 13 Illustrates this. 
 
Figure 13. A circle can be fitted if d1 and d2 are the same length. 
 
The approach of adding material to the flat plate works, if both ݀ଵ and ݀ଶ are positive. 
The approach works also if they are both negative, but the length of the arc could be really 
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long, and it could be questioned whether that is really what the user wants to do, or 
whether a circular bend would be the best parameterization in that case. However, if the 
aim is to create, for example, a pipe or a half-pipe using a long circular parallel bend, the 
case of both negative distances would be justified. If the distances ݀ଵ  and ݀ଶ  have 
different signs, a circle cannot be fit. 
4.1.2 MINIMUM PLATE EXTENSION WITH A CIRCULAR PARALLEL BEND 
Whenever the edges to be fit are not parallel, they can be made parallel by extending 
either plate (or both of them). The problem is therefore to find the “best” possible edges 
of both of the planes. What is considered “good” has no unambiguous answer. Possible 
choices would be to either maximize the distance between the new parallel edges or to 
minimize the amount of added material. The latter is selected, because it is a more robust 
definition, and in the case of parallel bends and the edges facing each other’s normals, 
they are the same.  
If there are parallel lines on two non-parallel planes, the lines have the same direction. 
Thus if we select any point of the intersection line of the two planes as the starting point 
of the parallel line, the line defines the intersection line. Therefore the parallel lines need 
to be also parallel to the intersection line of the two planes. The direction vector of the 
intersection line is denoted by ࢊ. 
Figure 14. Minimum plate extension 
 
The line defining the border of the minimum extension goes through the other of the end 
points of either of the edges – the “outer” point, as can be seen in Figure 14. Note that the 
“outer” edge cannot be simply defined as the edge closer to the intersection line, because 
in the case of a general parallel bend there is nothing that prevents the intersection line 
being on the other side of the edge. Therefore, if the selected edges are such that the 
elemental plate border segment normal vectors are pointing away from the intersection 
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line of the planes, the “outer” direction is away from the intersection line. The minimum 
plate extension borders are therefore lines that are an equal distance from the intersection 
line as the “outermost” point. Distance vector of a point (࢟) from a line (࢞(ݐ) = ࢞଴ + ݐࢊ) 
can be computed as follows: 
 dist(࢞(ݐ),࢟) = (࢞଴ − ࢟) − ൫(࢞଴ − ࢟) ⋅ ࢊ൯ࢊ. (22) 
   
4.1.3 GENERAL DEVELOPABLE SURFACES 
Let us consider the situation where two edges are connected using a developable surface. 
Because it is assumed that the bend is a developable surface, it can be parameterized as a 
ruled surface.  
 ࢞(ݑ,ݒ) = 	ࢉ(ݑ) + ݒࢋ(ݑ). (23) 
 
Let the end section ܮ௜ be parameterized. 
 ࢞௅௜(ݐଵ) = ࢞଴,௅௜ + ݐଵࢋ௅௜,  (24) 
 
where ݅ ∈ {1,2} depending on which end it is. The normal vectors of the elemental plate 
edge should lie on the tangent plane of the ruled surface, i.e. the normal vector of an 
elemental plate edge should be perpendicular to the normal vector of the surface at any 
point that belongs to the edge 
 
൫ࢉ′(ݑ) × ࢋ(ݑ) + ݒࢋ′(ݑ) × ࢋ(ݑ)൯ ⋅ ࢔௅೔ = 0 
 
(25) 
 
൫݁′(ݑ) × ࢋ(ݑ)൯ ⋅ ࢔௅೔ = 0. 
 
(26) 
This means that if a point belongs to ܮ௜, there are ݑ and ݒ that fulfill the conditions above. 
Especially  (26)  means  that  for  such  a  point,  ݁ (u), ݁̇(ݑ) and ࢔௅೔ are on the same plane. 
Therefore ࢋ is on the plane defined by the line section direction ࢋ௅௜  and ࢔௅೔ for all points 
that belong to ܮ௜.  
The same that applies to a parallel bend; applies it also to any developable surfaces – the 
fitted surface around the end segment is locally a plane or ࢋ ∥ ࢋ௅௜ .  Therefore,  if  the  
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amount of plate extension is to be minimized, the surface has to be selected so that ࢋ ∥
ࢋ௅௜  at the end section.  
4.1.4 CONICAL BENDS 
A conical surface is a developable surface that has a singularity point at ݔ௦. The ruled 
surface parameterization as in (6) is used. The generator lines all go through the one 
singularity point so the function ࢋ(ݑ) can be defined as the function pointing towards the 
singularity point 
 ࢋ(ݑ) = ݔ௦ − ࢉ(ݑ). (27) 
 
The conical surface can then be written as follows 
 ࢞(ݑ,ݒ) = ݒ࢞௦ + (1 − ݒ)	ࢉ(ݑ). (28) 
 
When fitting a conical bend, the location of the singularity point is a variable whose value 
is to be calculated. The result for general developable surfaces that states that the 
generator lines have to be parallel to fitted edges, is also required for a conical bend 
 ࢞௦ − ࢉ(ݑ௜) = ߙ௜ࢋ௅௜ , ݅ ∈ {1,2}, (29) 
 
where ߙ௜ is a constant. Solving ݔ௦ and applying for both ݅ = 1 and ݅ = 2, we get 
 ߙଵࢋ௅ଵ − ߙଶࢋ௅ଶ = ࢉ(ݑଶ) − ࢉ(ݑଵ). (30) 
 
As we are now examining the case ࢋ ∥ ࢋ௅௜ , the directrix curve is on the end segment when 
ݑ = ݑ௜. The directrix curve can be selected so, that it will cross the generator line at any 
given point, for instance the start point of the section ܮ௜. Therefore (29) and (30) imply 
that a conical surface can be fitted between two sections, if there is a plane on which the 
both sections and the singularity point reside. 
4.1.5 MINIMUM PLATE EXTENSION FOR A CONICAL BEND 
The singularity point ࢞௦  has to be located on the plane of the polygon, because the 
generator lines of the surface at the end segments are also on the plane. Thus, the 
singularity point has to be on the intersection line of the planes  
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 ࢞௦ = ࢞௜௡௧ + ߚࢊ௜௡௧. (31) 
 
Figure 15. Finding the minimum plate extension for a conical bend 
 
What to minimize is a lot less obvious in the case of a conical bend compared to a parallel 
bend, where there was an unambiguous relation between the area and the one-dimensional 
distance from the intersection line. In order to minimize the actual area of the plate 
extension, one would have to know the boundaries of the extension. For simplicity, 
however, the area of the triangle restricted by the end section and an equal length line 
section along the corresponding generator line is used. The area can be calculated using 
the magnitude of the cross product 
 ܣ௜ = ‖ࢋො௅௜ × ࢋො(ݑ௜)	‖ࢋ௅௜ଶ . (32) 
 
By applying (27) and (31), the area can be expressed as follows 
 ܣ௜ = ቛࢋො௅௜ × ࢞೔೙೟ାఉࢊ೔೙೟ିࢉ(௨೔)|࢞೔೙೟ାఉࢊ೔೙೟ିࢉ(௨೔)|ቛ		ࢋ௅௜ଶ . (33) 
 
In this minimization problem the only variable is ߚ. The minimization problem can be 
expressed as  
 min
ఉ	
∑ ቀቛࢋො௅௜ × ࢞೔೙೟ାఉࢊ೔೙೟ିࢉ(௨೔)|࢞೔೙೟ାఉࢊ೔೙೟ିࢉ(௨೔)|ቛ ࢋ௅ଵଶ ቁଶ௜ୀଵ . (34) 
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This minimizes the area for a general cone – of whatever base. Also, because a curved 
section between two elemental plates is being fitted, normal vectors of the cone surface 
should equal to the elemental plate normal at the edge of the plate extension.  
Let us now assume that the conical curved section follows a right circular cone shape. 
Because of the condition requiring that the surface normals be parallel to the plane normal 
at the edge of the plate extension, fitting a right circular cone is simplified quite a bit 
compared to the general case. It is already known, that the cone apex lies on the 
intersection line of the planes. Also it is known that the base circle tangent is on the plane 
on both sides. This is illustrated in Figure 16. 
 
Figure 16. Fitting a circle based conical bend 
 
Because of this, only the apex location on the intersection line and the slope of the cone 
define unambiguously a right conical bend surface. When minimizing the plate extension 
area, the expression for plate extension area given in (32) can no longer be used, because 
the plate extension is not a triangle on both sides anymore. Therefore, to calculate the 
plate extension area, we assume that the lateral edge of the plate extension is 
perpendicular to the intersection line. By converting the polygon points to an orthonormal 
coordinate system whose x-axis is parallel to the intersection line, the plate extension area 
is easy to calculate. This is illustrated in Figure 19. The problem of minimizing the plate 
extension of a circle based conical bend between two edges can therefore be expressed as 
follows 
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min
௫ೞ,ఉ ܣଵ + ܣଶ	
ݏ. ݐ.ݕ௞௜ − ߚ൫ݔ௞೔௜ − ݔ௦൯ ≥ 0,∀݅ ∈ {1,2}	, 
 
(35) 
where ݇௜	is the selected index of the edge on side ݅, and the areas on each side are 
 
ܣଵ = ൫ݔ௞భାଵଵ − ݔ௞భଵ ൯ ቀ½൫ݕ௞భାଵଵ + ݕ௞భଵ ൯ − ½ߚ൫ݔ௞భାଵଵ + ݔ௞భଵ − 2ݔ௦൯ቁ	
ܣଶ = ൫ݔ௞మାଵଶ − ݔ௞మଶ ൯ ቀ½൫ݕ௞మାଵଶ + ݕ௞మଶ ൯ − ½ߚ൫ݔ௞మାଵଶ + ݔ௞మଶ − 2ݔ௦൯ቁ .	
 
(36) 
 
The decision variables are the location of the apex ݔ௦ and the line slope	ߚ. This is a non-
linear optimization problem, because the decision variables are multiplied. However, the 
decision variable ݔ௦ is  only  present  in  terms  where  it  is  multiplied  by  the  variable	ߚ. 
When chosen the variables ߚ  and ݔఉ = ߚ	ݔ௦	as decision variables, the optimization 
problem can be treated as a linear optimizaton problem that can be solved fast and 
reliably. Because the term ൫ݕ௞భାଵ
ଵ + ݕ௞భଵ ൯൫ݔ௞భାଵଵ − ݔ௞భଵ ൯  is a constant, it can be removed 
from the objective function. The linear optimization formulation of the plate extension 
minimizing problem is 
 
min
௫ഁ ,ఉ 12 ൫Δݔ௞భ൫ݔ௞భାଵଵ + ݔ௞భଵ ൯ߚ − 2Δݔ௞భݔఉ + Δݔ௞మ൫ݔ௞మାଵଶ + ݔ௞మଶ ൯ߚ
− 2Δݔ௞మݔఉ൯	
ݏ. ݐ.ݕ௞ − ߚݔ௞೔௜ + ݔఉ ≥ 0,∀݅ ∈ {1,2}	, 
 
(37) 
where Δݔ௞೔ = ൫ݔ௞೔௜ − ݔ௞೔ାଵ௜ ൯ is a constant. This can either be solved analytically or by 
using linear programming.  
4.1.6 MANY-TO-MANY EDGES BEND FITTING PROBLEM 
Often the user might want to connect several edges from both sides as is illustrated in 
Figure 17. More than one consecutive edges on one plane are to be connected to another 
array of consecutive edges on another plane using a bend.   
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Figure 17. Many-to-many bend fitting 
 
The plane to be fit is parameterized as in (23), the end sections are parameterized as in 
(24), but 1 < ݅ < ݆ + ݇	|	݆, ݇ ∈ ℤା  because there can be any number of edges. It is 
assumed that the first ݆ edges are the edges of one side and the next ݇ edges are the edges 
on the other side. Equation (26) is also valid for this case. 
Because the normal vectors	࢔௅೔ on one side are all on the same plane as the corresponding 
polygon, ࢋ has to be on that same plane whenever ݑ and ݒ are such that ࢞(ݑ, ݒ) ∈ ܮ௜, 
where ݅ is any index of an edge on one side. Because a ruled surface consists of generator 
lines, there has to be a set of lines on the surface that encloses all of the points of the edges 
on either side. 
Therefore the many-to-many edges bend fitting problem is also reduced to the problem 
of finding the appropriate plate extension and connecting two edges with a developable 
surface. For a circular parallel bend finding the minimum plate extension is easy. The 
problem setting is analogous to the case of connecting two single edges. Minimum plate 
extension edge is found by finding the polygon point with a minimum distance from the 
intersection line of the planes, and setting the connecting edge at that distance on both 
sides. 
Many-to-many bend fitting problem is more complicated for non-parallel bends, because 
the bend boundaries affects the area of plate extension. To simplify the problem, the area 
of the plate extension is bounded by a line normal to the intersection line of the planes as 
was done in Section 4.1.5. This is illustrated in Figure 18. 
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Figure 18. Minimum plate extension of a conical bend 
 
As in Section 4.1.4, the boundary line between the plate extension and the curved section 
is a line that goes through the apex of the cone, which lies on the intersection line of the 
planes. If the apex is fixed, the boundary line goes through (at least) one of the corner 
points of the selected edges on one of the sides. The edge through which it goes, is the 
one that minimizes the plate extension area. Selecting any other point would obviously 
cause the elemental plate to be cut, which is not permitted in this thesis. The minimum 
plate extension for the other side of the bend is found by defining the boundary line so, 
that it also goes though the apex and has the same slope. Then by varying the location of 
the apex, the overall minimum plate extension is found. A similar approach as in Section 
4.1.5 is used for solving the minimum plate extension. 
4.1.7 SOLVING MANY-TO-MANY FITTING PROBLEM USING LINEAR 
PROGRAMMING 
The points on both sides are converted into a local two-dimensional orthonormal 
coordinate system whose x-axis is parallel to the intersection line. Let the x-coordinate of 
the ݇௜th corner point of the polygon on side ݅ be ݔ௞೔
௜ . Let the corresponding y-coordinate 
be ݕ௞೔
௜ . The coordinate systems on both sides are selected so, that their origin is located at 
the same point in the 3-dimensional space. The total plate extension area is minimized, 
requiring that the ݕ-value ݕ௞௜  for each point never exceeds	ߚ(ݔ௞௜ − ݔ௦).  
 
min
௫ೞ,ఉ ܣଵ + ܣଶ	
ݏ. ݐ.ݕ௞ − ߚ൫ݔ௞௜ − ݔ௦൯ ≥ 0,∀݅ ∈ {1,2},݇ ∈ ℕ, ݇ ≤ ݊௜ , (38) 
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where  
 
ܣଵ = ෍(ݔ௞ାଵଵ − ݔ௞ଵ)ቀ½(ݕ௞ାଵଵ + ݕ௞ଵ) − ½ߚ(ݔ௞ାଵଵ + ݔ௞ଵ − 2ݔ௦)ቁ௡భ
௞ୀଵ
	
ܣଶ = ෍(ݔ௞ାଵଶ − ݔ௞ଶ)ቀ½(ݕ௞ାଵଶ + ݕ௞ଶ) −½ߚ(ݔ௞ାଵଶ + ݔ௞ଶ − 2ݔ௦)ቁ௡మ
௞ୀଵ
.	
 
(39) 
There are several algorithms for solving linear optimization problems. One of the most 
used algorithms is the Simplex algorithm. Computational efficiency of the simplex 
algorithm,  depends  on  the  computational  efficiency  of  an  iteration  and  the  number  of  
iterations. One iteration can be solved in ܱ(݉	݊) time. On average it takes around ܱ(݉) 
iterations to calculate a linear programming problem. In the worst case, it requires ܱ(2௡) 
iterations. Here ݉ stands for the number of conditions and ݊ for the number of variables. 
(Bertsimas & Tsitsiklis, 1997) 
 
The above formulation has a relatively small number of both constraints and variables. 
Therefore, it is justified to use linear programming to solve the optimization problem. 
The optimization problem can be formulated to be a linear optimization problem in the 
same way as in Section 4.1.5.  
This formulation only works if all the edges are facing the intersection line. If the chosen 
edges are facing away from the intersection line, a similar optimization problem cab 
solved for edges facing away from the intersection line.  
 
Figure 19. Calculating the area of the minimum plate extension in the 
many-to-many conical bend fitting problem 
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4.2 BEND BOUNDARIES 
The curvature properties of a curved section and curved section geometric properties have 
been discussed in Section 2.4 without defining the boundaries of the bend. The boundaries 
of  a  bend  can  be  roughly  divided  into  two  main  categories,  boundaries  of  the  plate  
extension and the boundaries of the curved section. The boundaries of the curved section 
can further be divided into two, the boundary along the end segments of the curved section 
(and the generator lines of the surface), and the boundaries on the sides of the bend. The 
different boundary types are illustrated in Figure 20. 
   
(a) (b) (c) 
Figure 20. The different boundary types of a bend 
The boundaries along the end sections as illustrated in Figure 20.b, have already been 
discussed and the location of the line which it follows is found out as a result of the 
minimum extended plate -problem. Its length and end points have not yet been discussed. 
Let us call this boundary the discontinuity boundary due to the fact that at this boundary, 
the curved section is discontinued and a plane section of the bend begins. 
Boundaries of the plate extension as illustrated in Figure 20.a include the same boundary 
found in the minimum extended plate -problem. Because the extended plate is a possibly 
concave polygon on a plane, the ordered set of all polygon points have to be known. If 
either  of  the  end  points  of  the  end  section  do  not  lie  on  the  polygon  points  of  the  
corresponding polygon, at least one boundary edge is needed to connect the original 
polygon edges to the discontinuity boundary. 
The curved section is bounded by the discontinuity boundary and the lateral boundaries 
as illustrated in Figure 20.c. A curved section is fully defined by its boundaries and the 
parameters of the surface. The lateral boundaries can be of any shape, and it will not affect 
the developability of the surface, but it may affect the global geometric unfoldability of 
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the surface. For example, if the lateral edge in Figure 20.c was shifted towards the viewer, 
it could be on the plate on the right side, thus causing the whole bend not to be unfoldable. 
This is illustrated in Figure 21. 
 
Figure 21. A legal unfoldable bend (lighter) and an illegal bend (darker) 
that makes the object not unfoldable. 
4.3 LATERAL BOUNDARIES 
To prevent the situation in Figure 21, and to make sure that the entire object stays globally 
geometrically unfoldable, the lateral boundaries have to be selected in such a way, that 
no inner points of the polygon belong to the curved section. However, that is not a 
sufficient condition for unfoldability, but is also needed. To make sure that such points 
do not exist, one can find all the points where the line following the end section intersects 
with the polygon. The sections of the line for which there are inner polygon points, are 
illegal sections. All other sections are legal. A bend end section will have to be fully on a 
legal section. An algorithm for finding the overlapping sections between a line and 
polygon is presented in Appendix 1. 
It is assumed now that two polygonal plates are fitted together with a bend, and a set of 
consecutive edges is selected on both sides. One could also assume that the user is not 
willing to extend the curved section beyond the selected elemental plate border segments, 
thereby defining the span of the curved section through selecting edges. Thus, if an 
extreme polygon end points on one side lies on the discontinuity boundary, that point can 
be considered a limit for the lateral boundary. If there is a plate extension present, it is 
assumed that the lateral boundary of the curved section is in line with the plate extension’s 
added edge. Therefore, if the corner points of the plate extension on the discontinuity 
boundary are known, then the lateral boundaries will intersect those points. 
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There are several desirable properties the geometry of the lateral boundary (possibly 
together with the extended section) could fulfill. The geometric properties of the curve 
bounding the curved section on the lateral side could be selected in such a way that they 
are (a) somehow optimal, (b) easy to understand or model, or (c) provide the user with a 
powerful tool to model curved geometries. 
One natural restriction for the shape of the lateral boundary is that there should be a unique 
value for the parameter ݒ  in (6) for each point on the boundary, so that the lateral 
boundary could be simply be defined by varying the lengths of the generator lines. By 
assuming this, one can use the following approach to study the shape of the boundary 
both when unfolded and when not.  
4.4 UNFOLDING A DEVELOPABLE SURFACE 
Unfolding a developable surface is essentially about finding a 1-to-1 bijective relationship 
between the surface and a planar coordinate system. It is also required that distances are 
preserved. Therefore in order to unfold a surface, one has to find an isometric mapping 
from the surface to a plane. 
The geodesics of a developable surfaces are straight line segments after unfolding (Bo & 
Wang, 2007). The generator lines are therefore also geodesics. One can imagine a 
coordinate system at a given point (the origin) on the unfolded surface. The x-coordinate 
would be along a geodesic (other than a generator line). The angle between the geodesic 
and a generator line going through the origin can be calculated. Based on this information 
the location of the extreme point of the surface on that generator line can be calculated 
also  in  the  two dimensional  coordinate  system.  By going  from the  geodesic  along  the  
generator line to the edge always knowing that the geodesic lies on the x-axis, one can 
derive the coordinate values of the extreme points of the bent section. Based on this idea 
Clements & Leon (1987) suggest a method for calculating the unfolded geometry: 
A curve ࢍ(ݏ) on a developable surface ࡿ is a geodesic, if the plane of curvature of ࢍ(ݏ) 
is perpendicular to the tangent plane of ࡿ on all points in ࢍ. This requirement can be 
expressed in the following form  
 ࢍᇱᇱ ⋅ (ࢍᇱ × ࢔) = 0. (40) 
 
36 
 
Also there is a function ݒ∗(ݑ):ℝ → ℝ, and a geodesic on a developable surface, but not 
on its generator line, that can be formulated as follows based on the ruled surface 
parameterization in (6) 
 ࢍ(ݑ) = ࢉ(ݑ) + ݒ∗(ݑ)ࢋ(ݑ). (41) 
 
By calculating ࢍ′′ and ࢍ′ based on (41) and applying the resulting equations to (40), a 
second order non-linear differential equation is revealed. The derivatives of ݃ are the 
following 
 
ࢍᇱ(ݑ) = ࢉᇱ(ݑ) + ݒ∗(ݑ)ࢋᇱ(ݑ) + ݒ∗ᇱ(ݑ)ࢋ(ݑ)	
ࢍᇱᇱ = ࢉᇱᇱ + ݒ∗ࢋᇱᇱ + 2ݒ∗ᇱࢋᇱ + ݒ∗ᇱᇱࢋ. (42) 
 
The differential equation can further be formed into a system of two first order differential 
equations. The differential equation system is then 
 ቐ
ݔଵ
ᇱ = ݔଶ
ݔଶ
ᇱ = 	− ࢉᇱᇱ ⋅ (ࢍᇱ × ࢔)
ࢋ ⋅ (ࢍᇱ × ࢔) − ࢋᇱᇱ ⋅ (ࢍᇱ × ࢔)ࢋ ⋅ (ࢍᇱ × ࢔) 	ݔଵ − 2 ࢋᇱ ⋅ (ࢍᇱ × ࢔)ࢋ ⋅ (ࢍᇱ × ࢔) ݔଶ		, (43) 
 
where ݔଵ = ݒ∗(ݑ). The variables ࢉ, ࢋ, ࢍ and ࢔ are all functions of the variable ݑ, but a 
simplified notation is now used. Clements & Leon (1987) parameterized the ruled surface 
in such a way that 0 ≤ ݒ∗ ≤ 1, so that the boundaries of the developable surface can be 
found by setting ݒ∗ to zero or one. After all, when unfolding a developable surface one is 
most interested in the shape of the lateral boundaries of the curved section. 
4.5 SELECTING THE LATERAL BOUNDARY 
The user may want to create such a bend that the unfolded plate is the form of a polygon. 
Fabrication of a polygonal steel plate is considerably more straightforward than 
producing a steel plate with round edges. Therefore a situation is considered where the 
bent section lateral boundary is a straight line in the unfolded state. The cases of a circular 
parallel bend and a right circle-based conical bend are considered. Using the approach 
presented in 4.4, the shape of the boundary in three-dimensional space is derived. 
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4.5.1 PARALLEL BEND STRAIGHT LINE LATERAL BOUNDARY 
The parallel bend is parameterized into a form where the independent variable of the 
generator line is assumed to vary between zero and one, thus specifying the shape of the 
lateral boundary. A parallel bend for surface unfolding is formulated as 
 ࢞(ݑ,ݒ) = 	ࢉ(ݑ) + (߱(ݑ) + ݒߣ(ݑ))ࢋ૙	, (44) 
 
where 0 ≤ ݒ ≤ 1, ߣ(ݑ),߱(ݑ) ∈ ℝ. The function ߱(ݑ) determines the location of one 
lateral boundary expressed as the distance from the directrix curve. The sum of the 
functions ߱(ݑ)  and ߣ(ݑ)  define the location of the other lateral boundary. It is also 
assumed that ࢋ଴ is normalized. Because the generator line directions stay the same for a 
parallel bend, the normal of the surface can be simplified to the following form 
 ࢔(ݑ) = ࢉ′(ݑ) × ࢋ૙. (45) 
 
From  Equations  (45)  and  (40)  it  can  be  concluded,  that  if  ܿ  is a circle, it is in fact a 
geodesic of the surface because ࢉᇱᇱ × (ࢉᇱ × ࢋ) = ࢉᇱ(ࢉᇱᇱ ⋅ ࢋ) − ࢋ(ࢉᇱᇱ ⋅ ࢉᇱ) = 0	ࢉᇱ − 	0	ࢋ =0. Therefore, the problem is then trivial and ࢍ(ݑ) = ࢉ(ݑ). Any parameterization for a 
circle can then be used for the geodesic. The x-coordinate value of the lateral boundary 
of a circular bend is then calculated simply by integrating the directric curve, which is 
now also the geodesic 
 ݔଶ஽(ݑ) = ∫ ‖ܿ′(ݐ)‖݀ݐ௨଴ . (46) 
 
If the circle ࢉ(ݑ) is parameterized as ࢉ(ݑ) = ࢻ + ܴ(cos(ݑ) ࢘଴ + sin(ݑ) ࢋ × ࢘଴), where 
ݎ଴  is the normalized radius vector of the circle at the beginning of the arc length. 
Therefore, because ݑ is representing the angle of the circle section (in radians), the length 
can simply be calculated as 
 ݔଶ஽(ݑ) = ܴݑ. (47) 
 
Because ݁଴ ⊥ ܿ′(ݑ), one can directly derive from Equation  (44) an expression for the y-
coordinate on the unfolded plane 
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 ݕଶ஽(ݑ) = ߱(ݑ) + ݒߣ(ݑ). (48) 
 
At the first lateral boundary the v-coordinate is zero and the u-coordinate can be 
calculated using (47) and (48) 
 ቊ
ݒ = 0
ݑ = ௫మವ
ோ
. (49) 
 
If the first lateral boundary of the unbent section were a straight line other than the obvious 
ݕଶ஽  equals to a constant, ݔଶ஽ would be a linear function of ݕଶ஽  
 
ݑ = ߙ଴ݕଶ஽ + ߚ଴
ܴ
. 
 
(50) 
Based on this one can derive a formula for ߱(ݑ) 
 ߱(ݑ) = ݕଶ஽ = ோ௨ିఉబఈబ . (51) 
Similarly for the lateral edge on the other side (ݒ = 1), the relationship between the x, y 
–coordinates on the unfolded plane and the u, v –coordinates of the surface in space can 
be used to calculate 
 ߣ(ݑ) = ோ௨ିఉభ
ఈభ
−
ோ௨ିఉబ
ఈబ
. (52) 
 
Thus the surface of a circular parallel bend that has a linear edge in the unfolded state, 
can be parameterized as 
 ࢞(ݑ, ݒ) = 	ߙ + ܴ cos(ݑ) ݎ଴ + ܴ sin(ݑ) ݁ × ݎ଴ + ((1 − ݒ) ோ௨ିఉఈబ + ݒ(ோ௨ିఉభఈభ ))ࢋ૙. (53) 
 
Note that this result is only valid for a circular parallel bend. The problem is not 
complicated for other parallel bends either, if the generator lines are normal to the 
directrix curve, because the directrix curve is then a geodesic. 
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4.5.2 STRAIGHT LINE LATERAL BOUNDARY ON CONICAL, NON-PARALLEL 
BENDS 
Unfolding a conical shape is considerably more difficult than unfolding a cylindrical 
shape, because the geodesics will not follow the directrix curve, and therefore the 
geodesic has to be found, and only then derive the location of a point on the unfolded 
plane by utilizing the geodesic. Let a circle based cone surface be expressed using 
cylindrical coordinates 
 ࢙(ߠ,ܴ) = ࢙଴ + ܴ(࢘଴ cosߠ + ࢘଴ × ࢎ଴ sinߠ) + ܴ݉ࢎ଴ , (54) 
 
where ݉ is the steepness of the cone (radius/height), ࢘଴ is a unit vector on the cone base, 
ࢎ଴ is the direction vector of the cone axis, ݏ଴ is the location of the apex of the cone, ℎ is 
the height of the cone. The variables are the radius of the base circle R, and the azimuth 
angle	ߠ. The lateral boundaries can simply be expressed as boundary values for ܴ as a 
function of ߠ 
 ܴ௠௜௡(ߠ) ≤ ܴ ≤ ܴ௠௔௫(ߠ). (55) 
 
Instead of trying to solve the differential equation system in (45), which would form a 
relatively complicated problem that would be difficult to solve analytically, the geodesic 
of a right circular cone is found using calculus of variations. It is proven in Appendix 2, 
that geodesic of a right circular cone needs to satisfy the condition 
 ܴ cosቀ ఏା஼భ
√ଵା௠మ
ቁ = ܥଶ. (56) 
 
Because this result only applies to a right circular cone, it is assumed from here on, that 
conical bends consist of curved sections following the surface of a right circular cone. 
The geodesic between two points on a right circular cone can be found by solving the 
constants ܥଵ and ܥଶ. Because the discontinuity boundaries of a conical bend are both the 
same angle ߠ distance from the intersection line as shown in Figure 16, the vector ࢘଴ is 
chosen so that it points towards the intersection line. Let (−ߠ଴,ܴଵ) and (ߠ଴,ܴଶ) be the 
coordinates of the points between which the geodesic is found.   Based on Appendix 2, 
ܥଵ and ܥଶ are 
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ܥଵ = ඥ1 + ݉ଶ tanିଵ ൬ܴଶ − ܴଵܴଶ + ܴଵ cot ߠ଴√1 + ݉ଶ൰	
ܥଶ = ܴଵ cos൬−ߠ଴ + ܥଵ
√1 + ݉ଶ൰ . 
 
(57) 
The aim here is to parameterize the geodesic curve using one variable. Variable ܴ can 
then be expressed as a function of the variable ߠ and the geodesic can be parameterized 
using (56) as a curve of a parameter ߠ so that 
 ࢙ࢍࢊ(ߠ) = ࢙଴ + ܴ(ߠ)(࢘଴ cos ߠ + ࢘଴ × ࢎ଴ sinߠ) + ܴܽ(ߠ)ࢎ଴, (58) 
 
where the function ܴ(ߠ) is derived from (56) 
 ܴ(ߠ) = ஼మୡ୭ୱ൬ ഇశ಴భ
ඥభశ೘మ
൰
. (59) 
 
In addition to the formula for the geodesic, we need to know its length from the origin (ߠଵ,ܴ(ߠଵ)) to an arbitrary point (ߠ௅ ,ܴ(ߠ௅)) 
 ܮ(ߠ௅) = ∫ ฮ࢙݀௚ௗฮఏಽఏబ = ∫ ට(1 + ݉ଶ) ቀௗோௗఏቁଶ + ܴଶఏಽఏభ . (60) 
 
Because the curve is presented as a function of ߠ , the integration variable has to be 
changed from ܴ  to ߠ, which gives  
 
ܴ݀
݀ߠ
= ܥଶ tan ൬ ܥଵ + ߠ√1 + ݉ଶ൰cos൬ ܥଵ + ߠ
√1 + ݉ଶ൰√1 + ݉ଶ . (61) 
Using (59) – (61) to solve the integral given the following expression for the curve length 
of the geodesic of a right circular cone, we get  
 
ܮ(ߠ௅) = ܥଶ√1 + ݉ଶ ቀtan ቀ ஼భାఏಽ√ଵା௠మቁ − tan ቀ ஼భିఏబ√ଵା௠మቁቁ. 
 
(62) 
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Figure 22. The lateral boundaries and the geodesic in unfolding a right 
circular cone. 
 
Now the position of the reference point is known. In (58) the generator lines for any point 
can be found by simply fixing the value of ߠ. Thus the generator line for the reference 
point can be found by fixing ߠ to ߠ௅ . But before the location of a point on the lateral 
boundary can be calculated, one has to know the distance from the reference point to the 
edge along the generator line and the angle between the generator line and the geodesic 
at the reference point. A formula for the cosine and sine of the angle are derived in 
Appendix 3 and they are the following 
 
cos൫ߙ(ߠ௅)൯ = ܴᇱ(ߠ௅)
൬ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)(݉ଶ + 1)൰ଵଶ (63) 
 
 
sin൫ߙ(ߠ௅)൯ = ܴ(ߠ௅)
൫(݉ଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)൯ଵଶ . 
 
(64) 
Equation (63) gives the cosine of the angle,  but it  still  needs to be known whether the 
angle is to the “right” or to the “left” from the x-axis. The generator lines’ direction 
vectors are pointing away from the apex. The geodesic is a directed curve, and the 
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direction of the geodesic is whatever it is chosen to be, for example from (−ߠ଴,ܴଵ) to (ߠ଴,ܴଶ). Therefore the angle ߙ is the angle between the direction of the geodesic and a 
vector pointing towards the outer lateral boundary of the curved section ܴmax(ߠ). The 
distance from the reference point to the outer lateral (maximum) edge along the generator 
line is 
 
Δ୫ୟ୶(ߠ௅) = ฮ࢙௚ௗ(ߠ௅) − ࢙൫ߠ௅ ,ܴmax(ߠ௅)൯ฮ	= ൫ܴmax(ߠ௅) − ܴ(ߠ௅)൯√݉ଶ + 1. (65) 
 
Knowing that the reference point lies in (ܮ(ߠ௅), 0) on the unfolded plane and by using 
Equations (63) – (65), the x- and y- coordinates of the lateral (maximum) boundary are 
 
ݔmax(ߠ௅) = ܮ(ߠ௅) + cos൫ߙ(ߠ௅)൯Δmax(ߠ௅) 
ݕmax(ߠ௅) = − sin൫ߙ(ߠ௅)൯ Δmax(ߠ௅). (66) 
 
Expanding these, the expression gives 
 
ݔmax(ߠ௅) = ܮ(ߠ௅) + (݉ଶ + 1)ܴᇱ(ߠ௅) ܴmax(ߠ௅) − ܴ(ߠ௅)
ඥ(݉ଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅) 
ݕmax(ߠ௅) = −ඥ݉ଶ + 1	ܴ(ߠ௅) ܴmax(ߠ௅) − ܴ(ߠ௅)
ඥ(݉ଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅) .	
 
(67) 
This set of equations describes the relationship between the coordinates of the outer lateral 
boundary of a conical curved section in the 3-space and on the unfolded plane. As in 4.5, 
the shape and parameters for a conical bend are derived for such a boundary curve that is 
a straight line on the unfolded plane 
 ݕmax = ܣ + ܤݔmax. (68) 
 
Deriving the value of ܴmax(ߠ௅) for a straight line lateral boundary is done in Appendix 4 
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ܴmax(ߠ௅) = ܥଶcos൬ߠ௅ + ܥଵ
√1 + ݉൰
−
ܣ + ܤܮ(ߠ௅)
൫√݉ଶ + 1൯ cos ൬ߠ௅ + ܥଵ
√1 + ݉൰ + (݉ଶ + 1)√1 + ݉ sin ൬ߠ௅ + ܥଵ√1 + ݉൰ܤ. 
(69) 
 
The value of the radius ܴ corresponding to the minimum inner boundary of the conical 
bend can be derived using a similar method. The distance Δmin is calculated as 
 
 
Δ୫୧୬(ߠ௅) = ฮ࢙௚ௗ(ߠ௅) − ࢙൫ߠ௅ ,ܴmin(ߠ௅)൯ฮ	= ൫ܴ(ߠ௅) − ܴmin(ߠ௅)൯√ܽଶ + 1. (70) 
 
The inner lateral boundary is towards the apex, i.e. against the direction of the generator 
line, so the x- and y- coordinates of the minimum lateral boundary are 
 
ݔmin(ߠ௅) = ܮ(ߠ௅) − cos൫ߙ(ߠ௅)൯Δmin(ߠ௅)	 
ݕmin(ߠ௅) = + sin൫ߙ(ߠ௅)൯Δmin(ߠ௅)	. 
 
(71) 
Because Δmin is the same as Δmax but negative, and also ݔmin and ݕmin are  of  the  same  
form as ݔmax and ݕmax except negative too, they follow the same form as (67) 
 
ݔmin(ߠ௅) = ܮ(ߠ௅) + (݉ଶ + 1)ܴᇱ(ߠ௅) ܴmin(ߠ௅) − ܴ(ߠ௅)
ඥ(݉ଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)	
ݕmin(ߠ௅) = −ඥ݉ଶ + 1	ܴ(ߠ௅) ܴmin(ߠ௅) − ܴ(ߠ௅)
ඥ(݉ଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)	. 
 
(72) 
4.5.3 COMPLETELY STRAIGHT LINE LATERAL BOUNDARY 
In this section the objective is to find out a bend boundary that is a line in the unfolded 
state – so that the curved section lateral boundary continues as a straight line as the plate 
extension boundary.  
Because the border line that connects the elemental plate polygon points is a straight line 
in the unfolded state, it is a straight line on the plate extension and a geodesic on the 
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curved section. Therefore, it is enough to find points on the bent section discontinuity 
boundaries such that the lines from the polygon corner points to the selected points on 
discontinuity boundaries have the same value of derivative as the value of the derivative 
of the curved section at that same point. This sounds simple, but results in a complicated 
system of equations that cannot be solved analytically.  
Another way to solve the problem is to minimize the total length of the geodesic and the 
line segments. The line segments length is easy to calculate using the Pythagorean 
Theorem, and (62) gives the length of a geodesic. To analytically minimize the total 
length, the partial derivatives డ௅೟೚೟ೌ೗
డோభ
 and డ௅೟೚೟ೌ೗
డோమ
 need to be calculated. It is possible to find 
a complicated analytical solution for them, but solving them for ܴଵ and ܴଶ is difficult 
because of the high degree of complexity. 
However, there is a simpler and more intuitive way of solving the problem. Also, the 
approach can be used for other developable surfaces whose geodesic can be calculated. It 
is possible to derive equations for the discontinuity boundary on the unfolded plane. 
Equally, one can easily calculate the polygon end point coordinate values on the unfolded 
plane. Using those results, the intersection point of a discontinuity boundary and the line 
between the two polygon points reveal where the straight-line lateral boundary intersects 
the discontinuity boundary. From there one can calculate the equivalent geodesic of a 
cone using (58). The process of finding the corner points of the plate extension can be 
done in the following steps: 
1. Select end points and calculate parameters for an arbitrary reference geodesic on 
the cone. This will be the x-axis on the unfolded plane. 
2. Calculate the length ܮ of the reference geodesic. 
3. Calculate the angle between the discontinuity boundary and the reference 
geodesic. 
4. Let us assume that the beginning of the geodesic lies in (0, 0) on the unfolded 
plane. Therefore the end of the geodesic lies in (ܮ, 0). Knowing these points and 
the angle between the x-axis and the lines, the discontinuity border lines’ 
parameters are calculated. 
5. Calculate the distance of the polygon point from the reference geodesic end point, 
and the angle between the distance vector and the discontinuity boundary. Based 
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on the point and distance, calculate the location of the polygon point on the 
unfolded plane. 
6. Calculate at which point ܴ on the unfolded plane of the discontinuity boundary 
the line between the polygon points intersects the discontinuity boundary. 
 
Figure 23. Finding the straight line between polygon points on different 
sides of the conical curved section 
 
Step 1. Theoretically the reference geodesic could be placed anywhere except the apex 
of the cone. To preserve the computational precision of the calculation, it is reasonable to 
place the origin of the new coordinate system close to the polygon points to be connected. 
Therefore, let the reference geodesic end points be projections of the polygon points to 
the discontinuity boundaries. 
The discontinuity boundary is expressed in cylindrical coordinates as 
 
ࢾଵ(ܴ) = ࢙଴ + ܴ(࢘଴ cos−ߠ଴ + ࢘଴ × ࢎ଴ sin−ߠ଴) + ܴ݉ࢎ଴ 
ࢾ૛(ܴ) = ࢙଴ + ܴ(࢘଴ cosߠ଴ + ࢘଴ × ࢎ଴ sinߠ଴) + ܴ݉ࢎ଴. (73) 
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The projection of the polygon point to the discontinuity boundary is  
 projࢾഢഥ ൫࢞ఫഥ ൯ = ࢞ഢഥ ⋅ࢾഢഥࢾഢഥ ⋅ࢾഢഥ ࢾపഥ , (74) 
 
where ࢞ఫഥ = ࢞௝ − ࢙଴, and ࢾపഥ = ࢾ௜(1) − ࢙଴, ݅ ∈ {1,2}. The equivalent starting and ending 
points of the reference geodesic would be ݏ଴ + projࢾഢഥ ൫࢞ఫഥ ൯ . By first converting the 
polygon point to the cylindrical coordinate system of the cone, and calculating the value 
of the projection, we get the parameter ܴ for the start and end points of the geodesic. The 
projection from (74) and the ܴ value of the end points of the reference geodesic are 
therefore 
 
࢙௚ௗ,௜ = ࢙଴ + ܴ௚ௗ,௜(࢘଴ cosߠ௜ + ࢘଴ × ࢎ଴ sin ߠ௜ + ݉ࢎ଴)	
ܴ௚ௗ,௜ = ቀୡ୭ୱఏ೔௫࢘૙,೔ାୱ୧୬ ఏ೔௫ೝబ×೓బ,೔ା௠௫೓బ,೔ቁ(ଵା௠)  . (75) 
Based on these, the parameters of the geodesic can be calculated using (57). 
Step 2. The length of the geodesic can be calculated using (62). 
Step 3. The cosine of the angle between the geodesic and the discontinuity boundary (as 
depicted as ߙ௜ in Figure 23) can be calculated using the dot product of the values of the 
derivatives of both curves at the intersection points. Another way to calculate the angle 
ߙଵ,  is  to  utilize  the  fact  that  the  apex  of  the  cone  and  the  geodesic  end  points  form  a  
triangle whose all edge lengths are known. 
Step 4. The first discontinuity boundary goes through the point (0, 0) on the unfolded 
plane. Its slope is given by tan(ߙଵ) = ඥ1 − cosଶ(ߙଵ) 	/	(cos(ߙଵ)), because the angle ߙ௜ 
is positive and on top of the geodesic as described in Figure 23. The second discontinuity 
boundary goes through (ܮ, 0)  and its slope can be calculated similarly tan(ߙଶ) =
ඥଵିୡ୭ୱమ(ఈమ)
ୡ୭ୱ(ఈమ) . 
Step 5. The distance vector is obtained by subtracting the projection vector from the 
polygon point.  Because the geodesic start and end points are projections of the polygon 
points to the lines, the angle is already known. Therefore the coordinates of the point can 
be calculated the following way 
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ݔଵ = −ቀ࢞ଵതതത − projࢾഢഥ ൫࢞ఫഥ ൯ቁ cosߙଵ	
ݕଵ = −ቀ࢞ଵതതത − projࢾഢഥ ൫࢞ఫഥ ൯ቁ sinߙଵ 
ݔଶ = ܮ + ቀ࢞ଶതതത − projࢾഢഥ ൫࢞ఫഥ ൯ቁ cosߙଵ	
ݕଶ = ቀ࢞ଶതതത − projࢾഢഥ ൫࢞ఫഥ ൯ቁ sinߙଵ	. 
(76) 
 
Step 6. On the first side, the line connecting the points should be equal to the discontinuity 
boundary 
 ߜଵ ቂ
ݔଵ
ݕଵ
ቃ + (1 − ߜଵ) ቂݔଶݕଶቃ = ߛଵ ൤ 1tan(ߙଵ)൨. (77) 
 
By solving this for the line parameters ߜଵ and ߛଵ, we get 
 
ߜଵ = ݕଶ − tan ߙଵ ݔଶtanߙଵ (ݔଵ − ݔଶ) − ݕଵ + ݕଶ 	
ߛଵ = ݕଶݔଵ − ݕଵtanߙଵ (ݔଵ − ݔଶ) − ݕଵ + ݕଶ .	
 
(78) 
The point where the lateral boundary geodesic and the discontinuity boundary intersect 
is  a  distance  of   ߛଵඥ1 + tanଶ ߙଵ = ఊభ|ୡ୭ୱఈభ|  from the starting point of the reference 
geodesic, to the right (or to the left if ߛଵ is negative). If the angle ߙଵis smaller than 
గ
ଶ
, the 
inner side is to the right of the reference point. The value of cosߙଵ is then positive, but 
the intersection point would be in the negative direction from the reference point. Equally, 
if the angle is greater than గ
ଶ
, the inner side is to the left from the reference point, cosine 
is negative and the intersection point would be in the positive direction from the reference 
point. Therefore the difference in radius between the reference geodesic start point and 
the intersection point is 
 Δܴଵ = −ߛଵ
ඥcosଶ ߠ௜ + sinଶ ߠ௜ + ݉ଶ 	cosߙଵ. (79) 
 
For the other side of the bend, simple linear algebra gives the intersection point  
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 ߜଶ ቂ
ݔଵ
ݕଵ
ቃ + (1 − ߜଶ) ቂݔଶݕଶቃ = ቂܮ0ቃ + ߛଶ ൤ 1tan(ߙଶ)൨. (80) 
 
The parameters ߜଶ and ߛଶ are solved 
 
ߜଶ = ݕଶ − tanߙଵ ݔଶtan ߙଵ (ݔଵ − ݔଶ) − ݕଵ + ݕଶ	
ߛଶ = ݕଶݔଵ − ݕଵ − ܮ tan ߙଶtan ߙଶ (ݔଵ − ݔଶ) − ݕଵ + ݕଶ − ܮ	. (81) 
 
The difference in radius between the reference geodesic end point and the intersection 
point on the side of the geodesic end point is therefore 
 Δܴଶ = ߛଶ
ඥcosଶ ߠ௜ + sinଶ ߠ௜ + ݉ଶ 	cosߙଵ	. (82) 
  
4.5.4 LATERAL BOUNDARY ALONG THE CIRCULAR DIRECTRIX CURVE 
In this section a lateral boundary of a conical bend with the lateral boundary following a 
circular directrix curve is studied. The designer would typically want the lateral boundary 
to be an arc of a circle, and therefore go along the circular directrix curve. See 4.6.2 for 
specific examples. If both of the lateral boundaries are of the circular type, the distance 
between the lateral boundaries, or the width of the bend is easy to define. 
However, it is not obvious to place the boundary. The aim is to construct a boundary 
which is not too far away from its endpoints. The total length of the lateral boundary 
including the plate extension could be minimized. It would be formulated as follows. The 
length of the circle arc 
 ܮ௖௨௥௩௘ = (2	ߠ଴)ܴ. (83) 
 
The distance of the polygon point to the end of the circle arc is 
 
ܮଵ = ฮ࢙ିఏబ(ܴ) − ࢞ாభฮ	
ܮଶ = ฮ࢙ఏబ(ܴ) − ࢞ாమฮ	. 
 
(84) 
Therefore the total length can be formulated the following way 
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 ܮtotal = ܮ௖௨௥௩௘ + ܮଵ + ܮଶ. (85) 
 
This formulation leads to a problem which is difficult to solve analytically and does not 
always have a unique solution. For instance, in the case of two edges parallel to each 
other, any directrix curve between the points would have the same length. Minimizing 
the squared sum of distances from the corner point of the polygon to the end point of the 
lateral boundary would solve the problem. This approach would place the lateral 
boundary so, that it would be equally far from the corner points on either side, if the bend 
was cylindrical. Squared distance minimizing, circular directrix curve following lateral 
boundary of a conical bend is calculated by minimizing the squared length 
 
෍Lଶ୧ = ൫R cos−θ଴ − x୉భ୰బ ൯ଶ + ቀR sin−θ଴ − x୉భ୦బ×୰బቁଶ + ቀmR − x୉భ୦బቁଶ	+൫R cosθ଴ − x୉మ୰బ ൯ଶ + ቀR sin θ଴ − x୉మ୦బ×୰బቁଶ + ቀmR − x୉మ୦బቁଶ. 
 
(86) 
By calculating the derivative of the Equation above and solving its root for	ܴ, we get 
 	ܴ = ௠௫ಶభ೓బା௠௫ಶమ೓బା௫ಶభೝబ ୡ୭ୱ ఏబା௫ಶమೝబ ୡ୭ୱ ఏబି௫ಶభ೓బ×ೝబ ୱ୧୬ ఏబା௫ಶమ೓బ×ೝబ ୱ୧୬ ఏబ
ଶାଶ௠మ
 . (87) 
 
However, in the specific use case to be presented in Section 4.6.2.1, the lateral boundary 
is not placed equally far from both polygon points, but so that the boundary is as close as 
possible to the other polygon point that minimizes the length of the curved section. 
Therefore, if ܴ is  the outer lateral  boundary,  ܴ  is  the minimum of the distances of the 
polygon points from the equivalent discontinuity boundaries.  If the inner boundary is 
derived, ܴ is the maximum of the projections from the polygon point to the equivalent 
discontinuity boundary. 
ܴ = ൞min௜ ൬projࢾഢഥ ൫࢞ఫഥ ൯൰ ,	 if ܴ	is the radius of the outer lateral boundary max
௜
൬projࢾഢഥ ൫࢞ఫഥ ൯൰ ,	 if ܴ	is the radius of the inner lateral boundary. 
The major drawback of this formulation is that the area of the bend can become negative. 
As a result, if the lateral boundary is chosen using this method, it first has to be made sure 
that the projections of the polygon points on both sides have a common positive area. 
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4.6 AUTOMATICALLY SELECTING THE EDGES TO CONNECT 
4.6.1 MOTIVATION 
When the software user is modeling bent plate structures, often she wants to connect 
several  edges of one polygonal plate to several  edges of another polygonal plate.   The 
polygons may have quite many edges and thus the software cannot assume that the user 
picks all the edges that he wants to connect from both plates, and thereafter manually 
defines the parameters of the bend. Therefore, an automated way of determining the 
topology of the bend, i.e. the selected edges to be connected is needed. And even if there 
are only a few edges to connect, it is reasonable to automate the selection of edges for the 
most common use cases. 
In this section, the typical use cases and users’ responses to them are identified, and based 
on them, common desirable properties of automatically selected bends are recognized. 
Then a multiple criteria decision making model is made based on the desirable properties 
of bend edge selection. Using the decision making model designed, automated selection 
of bend edges is implemented. The aim is to develop an algorithm that automatically 
selects the edges for creating the bend and creates an initial bend, always making sure, 
that the selected edges and parameters produce a feasible bend, which helps the user save 
time and effort.  
4.6.2  TYPICAL USE CASES AND EXPECTED RESULTS 
Based on discussion with Tekla business unit representatives, as well as the documents 
and  presentation  they  provided,  I  have  tried  to  identify  the  most  typical  and  most  
important use cases where bent steel plate structures are used. This section presents those 
result. Based on these use cases a decision model is discussed in the following chapters. 
4.6.2.1  CIRCULAR PARALLEL BENDS WITH A SMALL RADIUS 
The most typical use case is where the user wants to create a folded plate structure, which 
consists  of  elemental  plates  and  parallel  bends  with  a  small  radius  connecting  the  
elemental plates. The structure should be such that it can be constructed of one plate by 
folding it possibly several times. 
The user would place the elemental plates so, that the edges to be connected would be 
close to each other. The user would also expect that the lateral boundaries of the bent 
section are perpendicular to the bent section, so that the “coinciding” area of the edges 
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forms the bent section. If the corners of the elemental plates are close to each other, the 
user would expect the lateral boundary of the curved area to connect the corners. 
Figure 24. Connecting several elemental plates using parallel bends with 
a small radius. 
 
4.6.2.2 LOFTED BENDS 
One of the most typical bent plate structures are so called lofted bends that are normally 
used to build lofted transitions such as a part that connects a round pipe to a rectangular 
pipe. The user would model the flat edges as plates and expect that the computer 
automatically creates a lofted bend according to them. 
 
Figure 25. Connecting elemental plates to create a lofted bend 
4.6.2.3 CURVED METAL PANELS 
One of the main purposes of using bent plates is to create structures with curved metal 
panels.  Normally  the  panels  are  cylindrical  or  conical  (with  a  circular  base).  The  user  
would model straight panels whose “facing” edges would be connected by a curved 
section. 
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Figure 26. Curved metal panels with a conical bend 
 
Figure 27. Curved metal panels with a parallel bend 
 
If there are facing edges at a really low angle, the user is probably not willing to connect 
those by adding a significant plate extension and getting only a little wider bent section. 
This is illustrated in Figure 28. 
 
Figure 28. Facing edges at a low angle should not be connected 
 
4.6.3 DECISION CRITERIA 
In all the use cases presented in 4.6.2, the curved sections are either circular cylindrical 
or circular conical. Thus it can be assumed that the automatically added bends are either 
circular cylindrical or right circular conical.  
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In Section 4.6.2.1, the edges to be connected are selected in such a way, that the distance 
between the connected edges is as short as possible. Therefore the user wants to minimize 
the distance between the edges. In Section 4.6.2.2, the “distance” is also minimized. With 
a conical bend however, it is not clear how to define the “distance”. Essentially the user 
wants to minimize the length of the bend, but still maximize the width of the bend, so that 
it spans a wide enough area between both of the elemental plate. This assumption is also 
valid in Section 4.6.2.3. Only the edges closest to each other are chosen, and if the edges 
are not parallel, the conical bend minimizing the area of the bend is chosen. Also, if there 
are edges facing each other at a very small angle, and thus adding considerably to the 
area, but not adding to the width, the edges are not selected. 
Based on the observations above, the connected edges need to be selected so that: 
· A conical or a cylindrical section can be added between all of the edges. 
· The bent section is as wide as possible 
· The average length of the bend section needs to be as small as possible 
· The area of the plate extension needs to be as small as possible 
· The edges need to be selected in such a way, that no holes appear in the curved 
section. The edges on either side have to form one continuous string of edges, or 
an open polygon. 
4.6.4 CURVED SECTION WIDTH 
There is no unambiguous way to define the width of a bend. The lateral boundaries are 
essentially two curves, and one can measure the distance between curves in many 
different ways, such as the average distance between all points, or the minimum distance 
between  the  points  on  one  side  and  the  other.  For  the  sake  of  simplicity,  only  lateral  
boundaries following the circular directrix curve as presented in Section 4.5.4 are studied. 
Because the distance from one lateral boundary to the other along the generator line is a 
constant in this case, the width of the bend, ݓ is defined as that distance. In the case of a 
cylinder, the curved section width would simply be the height of the cylinder. The case 
of a conical bend is 
 ݓ = (ܴଶ − ܴଵ)݉	. (88) 
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What still needs to be decided is which directrix curve the lateral boundary would go. 
This will be decided with the formulation of the automated topology selection 
optimization problem later in 4.6.8. 
4.6.5 MULTI-OBJECTIVE OPTIMIZATION PROBLEM SETTING 
Based on the decision criteria given in 4.6.3, an optimization problem maximizing the 
bend width and minimizing the bend length is introduced in this section. The bend 
parameters and variables determining the topology of the bend – i.e. which edges are 
chosen to be connected – form the decision variables of the optimization problem. The 
problem of finding the best bend topology is a multi-objective optimization problem, 
because there are multiple objectives. The two objectives are the width ݓ that should be 
maximized, and the average length ܮavg that should be minimized. The variables of the 
optimization problem consist of  
· Binary variables defining, whether an edge belongs to the bend or not, 
· Parameters of the surface of the bend 
· Lateral boundaries of the bend. 
To fit a circular cylindrical or conical bend between two sets of edges, the intersection 
line between the planes of the elemental plates should not intersect the edges that are to 
be connected. So, before starting to find the set of optimal selected edges, the set of viable 
edges, i.e. the edges that do not intersect with the intersection line of the planes, is 
calculated. That can be done with an algorithm similar to that in Appendix 1. Let the 
binary vector marking the indices of feasible edges on side 1 be denoted Εଵ and on side 2 
Εଶ. 
Also, when finding the viable edges, one has to make sure that on both sides the edges’ 
normal (elemental plate border segment normal) are either pointing towards or away from 
the intersection line. Thus for both polygons, all such sets of consecutive edges are 
specified, where all the normal vectors of the edges are pointing either towards or away 
from the intersection line, and they are not crossing the intersection line. A pair with one 
set from both sides pointing the same direction form the feasible edges ܧଵ and ܧଶ. All 
pairs need to be considered. 
Because the problem presented here is a multi-objective optimization problem, there is 
no single objective function to minimize. Therefore there is usually no with a single 
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optimal  solution.   Marler  &  Arora   (2004)  describe  the  solution  to  a  multi-objective  
optimization problem as “more of a concept than a deﬁnition.” Therefore, concepts such 
as Pareto-optimality are used to find the set of “optimal” solutions. The idea of Pareto-
optimality is  to find the set  of such solutions for which there exist  no other points that  
would improve an objective without worsening the other. 
Efficiency is a concept very similar to Pareto-optimality, and in many practical 
applications such as this, it is equivalent. Efficiency is defined as follows: 
A point, ݔ∗ ∈ 	ܺ, is eﬃcient iﬀ there does not exist another point, 
ݔ ∈ 	ܺ, such that ܨ(ݔ) ≤ ܨ(ݔ∗) with at least one ܨ௜(ݔ) < ܨ௜ 	(ݔ∗). Otherwise, 
ݔ∗ is ineﬃcient. (Marler & Arora, 2004) 
The efficient frontier is the set of efficient points. There are two ways of presenting the 
efficient frontier in this case, either as the maximum width ݓ for a given value of average 
length	ܮavg, or as the minimum average length for a given width. It is simpler to first find 
the  minimum  and  maximum  width  of  the  bend,  and  then  find  the  optimum  areas  for  
widths between those values.  
Another way to treat multi-objective optimization problems, other than finding the set of 
efficient or Pareto optimal solutions, is scalarization which bombines the different 
objective functions to a scalar. Maybe the simplest example of scalarization is to calculate 
a weighted sum of the different objectives and minimize it. 
Independent of the approach chosen, a single optimal solution is needed. Therefore it has 
to be understood, what sort of tradeoff the user is willing to accept between the variables 
ܮavg and ݓ. The tradeoff cannot be modeled using a simple weighting of the values in 
absolute terms. This means that, the plates to be connected can be relatively far away, and 
then the area would be relatively high compared to the width of the bend, and the optimal 
solution would be that no bends are created. It would be much more sensible to try to 
evaluate the tradeoff using width and area in relative terms.  
To find a reference value for the length of the bend, let us first find the bend that connects 
one edge on both sides with the minimum length. The bend with the minimum length is 
a Pareto optimal solution, because its width cannot be expanded without increasing the 
area of the bend, and its area cannot be diminished without diminishing its width. The 
minimum length given by the solution is then used to evaluate how far away the plates 
are in terms of bend length. 
56 
 
4.6.6 FINDING THE BEND WITH THE MINIMUM AVERAGE LENGTH 
One way to find a reference measure for the distance between the plates, is to calculate 
the minimum length of a bend between two edges, one on either side. There are at least a 
few ways of solving the minimization problem. In this thesis, four different ways to find 
the minimum distance are identified. 
The  simplest  way  to  solve  this  is  by  going  through  all  ݊ ଵ݊ଶ possible combinations of 
values of ࣕଵ  and ࣕଶ . For each combination, the plate extension minimizing linear 
programming problem would be solved as given in (37). Based on the parameters of the 
solution, bend average length would be calculated using either area and width of the bend, 
or by calculating the arithmetic mean of the lengths of both lateral boundaries, as given 
in (83) – (87). 
This approach is straightforward, easy to implement and always finds the global optimal 
solution. However it is extremely slow, since ݊ଵ݊ଶ linear optimization problems need to 
be solved in order to find the solution, where ݊ଵ and ݊ଶ are the number of edges on side 
1 and 2 respectively. This method can be improved by not calculating the distance for all 
pairs of edges. For instance, one could measure arithmetic distance between the points, 
which is considerably faster, and then utilize the fact that the bend length is always equal 
or greater than the arithmetic distance. 
A third way to find the bend with the minimum average length is to formulate a nonlinear 
multivariate optimization problem with the average length represented either as the 
quotient of the bend area and its width, or as the arithmetic mean of the length of the 
lateral boundaries. To solve the area and width, the following optimization problem needs 
to be solved 
 
min
ࣕభ ,ࣕమ ܣ(߳ଵ, ߳ଶ)ݓ(߳ଵ, ߳ଶ)	
ࡱଵࣕଵ = 1	
ࡱଶࣕ૛ = 1	, 
 
(89) 
where ࣕଵ and ࣕଶ are binary vectors determining which edges are connected. The selected 
edges have to belong to the set of viable edges, and only one selected edge on either side 
is permitted, which gives the equality constraints. However, this formulation is a highly 
nonlinear and complicated optimization problem. 
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This sort of problems are called mixed integer non-linear programming problems. 
According to Costa & Oliveira (2001), “These problems, due to their combinatorial 
nature, are considered difﬁcult problems.” Especially for problems with non-convexities, 
such  as  the  problem  presented  here,  it  is  difficult  to  find  the  global  optimum  in  a  
reasonable time. Also, because this optimization problem is only an initial sub-problem 
of the whole multi-objective optimization problem, such an approach can easily be 
computationally too complex.  
The fourth way to solve the minimum bend length selection problem is to simplify the 
problem so that it can be formulated as a mixed integer linear programming (MILP) 
problem. The aim is to define the length of the bend as a linear function of the decision 
variables. This method requires many simplifications and assumes a different location of 
the  lateral  boundary,  but  it  solves  the  global  optimum  of  a  sufficiently  exact  
approximation of the length. Mixed integer programming is a well-known modeling 
technique and powerful solvers and algorithms for solving MILP problems exist.  
MILP problems are NP-hard. This means that it is highly unlikely that there would be a 
polynomial time algorithm for solving the problem. In practice, the computational 
complexity and time required for solving the problem increases significantly as the 
number  of  binary  variables  increases.  MILP  problems  that  may  seem  simple,  can  be  
difficult to solve using any existing solvers. (Bertsimas & Tsitsiklis, 1997; Appa et al., 
2006) 
Therefore it is important to verify and test the computational efficiency of the MILP-
approach and if necessary, find ways to formulate the problem in such a way that it can 
be solved effectively and try to cut out unnecessary binary variables. For instance, using 
Euclidian distance, one could narrow down the set of possible edges. Nonetheless, a 
MILP formulation of the problem is presented and implemented in this thesis due to its 
robustness and the fact that it finds the global optimum for the approximation.  
4.6.7 THE MILP FORMULATION  OF THE MINIMUM LENGTH BEND PROBLEM. 
In this section, a MILP formulation for the minimum length bend optimization problem 
is presented. Because the objective of a MILP problem needs to be a linear function of 
the decision variables, a way to formulate the length of the bend as a linear function of 
the decision variables is presented. The idea is to calculate the average length of the bend 
as the sum of the average length of the curved section along the directrix curves and the 
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average length of the plate extension.  To express the average length as a linear function 
of the decision variables, certain simplifications on the geometry need to be assumed: 
1. The lateral boundary follows a directrix curve. 
2. The lateral boundary end points are equally far on x-axis (the axis along the 
discontinuity boundary) from the corresponding polygon vertices on both sides 
of the bend. 
3. The plate extension lateral edge is assumed to be perpendicular to the intersection 
line of the planes, as is done in Sections 4.1.7 and 4.1.5. 
4. The lateral boundary is not assumed to be continuous or differentiable. 
The geometry of the situation is depicted in Figure 29. As can be seen, this formulation 
may not be sufficient to define the lateral boundary of a bend, but it is certainly enough 
to estimate the average length of the bend. Let the average length of the bend be the sum 
of the average length of the curved section and the average length of the plate extension. 
 
Figure 29. Bend whose length can be estimated linearly. 
 
The items 1 and 2 above are there to make sure, that the average length of the curved 
section can be calculated as a linear function of the decision parameters ݔ௦, ߚ, ࣕଵ, ࣕଶ. The 
item 3 assures, that the plate extension length function is linear. Let us define the total 
average length as the sum of the average lengths of the curved section and the plate 
extensions  
 ܮavg = ܮavg,curve + ܮavg,ଵ + ܮavg,ଶ + ܮshift. (90) 
 
The first term in this equation is the average length of the curved section. The second and 
the third terms are the average lengths of the plate extension. The final term represents 
how much the curved section lateral edge end point is shifted from the plate extension 
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corner point along the discontinuity boundary. Without this term, the distance would be 
one dimensional, and the length would only describe the selected bend average distance 
from the plane intersection line. 
Let us first formulate the average curved section length as a linear function of the decision 
variables. The length of a circular directrix curve of a conical bend at radius ܴ  is 
simply	2ߠ଴ܴ. The azimuth angle ߠ଴ is  
 θ଴ = tanିଵ ቌඨsinଶ ߙ + ߚଶcosଶ ߙ ቍ ,ߙ ≤ ߨ2	. (91) 
The average radius is 
 ܴ௔௩௚ = ݕ௔௩௚tan	(ߠ଴) = ݕ௔௩௚ඨ cosଶ ߙsinଶ ߙ + ߚଶ	. (92) 
 
The length of the directrix curve is a non-linear function of the variable ߚ. However in 
all reasonable use cases, ߚ is relatively small, less than 0.5 in absolute terms. Also, it is 
known that ߠ଴ = ߙ when ߙ → గଶ. When ߙ → 0, the cone angle is ߠ଴ = tanିଵ|ߚ|. When 
the slope ߚ is small, the angle can then be approximated as |ߚ|. The radius is also non-
linear. The exact value of the length is 
 ܮ௔௩௚,௖௨௥௩௘ = 2ߠ଴ܴ = 2ݕ௔௩௚ඨ cosଶ ߙsinଶ ߙ + ߚଶ tanିଵ ቌඨsinଶ ߙ + ߚଶcosଶ ߙ ቍ	. (93) 
 
When the angle ߚ is within a reasonable range, or under 0.5, the length is 2	ݕ௔௩௚ when 
the angle ߙ = 0. If the angle ߙ → గ
ଶ
, the length approaches zero. The exact value for the 
length is drawn in Figure 30. 
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Figure 30. The relative average length of a  conical curved section as a 
function of the variable ߚ 
 
Let us approximate the length of the bend with a function independent of ߚ. The variable 
ߚ is chosen a constant value so that the error term stays small within a reasonable range. 
By testing different values of ߚ଴, the approximation in (94) is selected. The total error of 
the approximation with ݕ௔௩௚ = 1 and different values of ߚ is shown in Figure 31. 
 
 
ܮ௔௩௚,௖௨௥௩௘ ≈ 2ݕ௔௩௚ඨ cosଶ ߙsinଶ ߙ + ߚ଴ଶ tanିଵ ቌඨsinଶ ߙ + ߚ଴ଶcosଶ ߙ ቍ 
ߚ଴ = 0.3	. 
 
(94) 
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Figure 31. Error of the curved section linear approximation as a function 
of the angle between planes, for different values of the variable ߚ. 
 
As can be seen, the decision variable ߚ has a relatively small effect on the approximation 
error and that within the reasonable range, the error remains small. Thus it is justified to 
approximate in the way done above. The term ݕ௔௩௚  is the average distance from the 
discontinuity edge to the intersection line 
 ݕ௔௩௚ = (ߚݔ௞ଵ − ߚݔ௦) + (ߚݔ௟ଶ − ߚݔ௦) + (ߚݔ௞ାଵଵ − ߚݔ௦) + (ߚݔ௟ାଵଶ − ߚݔ௦)4 	. (95) 
 
Thus the linear approximation for the length of the curved section is 
 ܮ௔௩௚,௖௨௥௩௘ ≈ ቆߚ
ݔ௞
ଵ + ݔ௟ଶ + ݔ௞ାଵଵ + ݔ௟ାଵଶ2 − 2ݔఉቇඨ cosଶ ߙsinଶ ߙ + ߚ଴ଶ tanିଵቌඨsinଶ ߙ + ߚ଴ଶcosଶ ߙ ቍ	, (96) 
 
where ݔఉ = ߚ	ݔ௦. The length of the plate extensions can be calculated similarly as the 
plate extension areas in Section 4.1.4 
 
ܮ௔௩௚,ଵ = ½(ݕ௞ାଵଵ + ݕ௞ଵ) − ½ߚ(ݔ௞ାଵଵ + ݔ௞ଵ) + ݔఉ 
ܮ௔௩௚,ଶ = ½(ݕ௟ାଵଶ + ݕ௟ଶ) − ½ߚ(ݔ௟ାଵଶ + ݔ௟ଶ) + ݔఉ	. 
 
(97) 
Finally,  let  the  shift  be  defined  as  the  sum  of  the  differences  of  the  corner  points’  x-
coordinate value on the outer and the inner side 
 ܮshift = |ݔ௞ଵ − ݔ௟ଶ| + |ݔ௞ାଵଵ − ݔ௟ାଵଶ |	. (98) 
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Based on these results, a MILP model is created that minimizes the linear approximation 
of the length of the bend. The decision variables consist of the bend parameters: the 
discontinuity boundary line slope ߚ, the location of the cone apex ݔ௦,  and the indices of 
the selected edge corner points ࣕ. The minimum length bend MILP optimization problem 
is formulated as follows 
 min ቆ(Ψఈ − 1) ቀ∑௬ഁభଶ + ∑ ௬ഁమଶ ቁ + ߪ1 + ߪଶ + ଵଶ࢟ଵ(ࣕଵଵ + ࣕଶଵ) + ଵଶ࢟ଶ(ࣕଵଶ + ࣕଶଶ)ቇ  (99)  
 s.t. 
 
ߚݔ௞
௜ − ݔఉ ≤ ݕ௞
௜ + ቀ1 − ࣕଵ௜ (݇) − ࣕଶ௜ (݇)ቁܯ 	
ݕఉ௜(݇) ≥ 0 	
ݕఉ௜(݇) ≥ ߚݔ௞௜ − ݔఉ − ቀ1 − ࣕଵ௜ (݇) − ࣕଶ௜ (݇)ቁܯ 	
ݕఉ௜(݇) ≤ ߚݔ௞௜ − ݔఉ + ቀ1 − ࣕଵ௜ (݇) − ࣕଶ௜ (݇)ቁܯ 	
ݕఉ௜(݇) ≥ −ቀࣕଵ௜ (݇) + ࣕଶ௜ (݇)ቁܯ 	
ݕఉ௜(݇) ≤ ቀࣕଵ௜ (݇) + ࣕଶ௜ (݇)ቁܯ 	
૚்ࣕଵ
௜ = 1, 	૚்ࣕଶ௜ = 1		 	
ࣕଵ
௜ (݇) + ࣕଶ௜ (݇) ≤ 1 	
−1 ≤ ࡯ࢀࣕଵ
௜ − ࡯ࢀࣕ૛
௜ ≤ 1 	
ߪ௝ ≥ 0, ߪ௝ ≥ ࣕ௝ଵ࢞ଵ − ࣕ௝ଶ࢞ଶ, ߪଵ ≥ ࣕ௝ଶ࢞ଶ − ࣕ௝ଵ࢞ଵ		 	
ࣕଵ
௜ ∈ bin௡೔ , ࣕଶ௜ ∈ bin௡೔ ,  
 
 
where ૚் = [1 1 … 1] , ࡯ࢀ = [1 2 3 … ݊] , 	݅ ∈ {1,2} , ݆ ∈ {1,2}  and Ψఈ =
ට
ୡ୭ୱమ ఈ
ୱ୧୬మ ఈାఉబ
మ tanିଵ ቆටୱ୧୬మ ఈାఉబమୡ୭ୱమ ఈ ቇ. There are two sides in a bend. The index ݅ determines the 
side of the bend. In both sides there are two selected edges. The index j determines, which 
of the two selected edges is in question. In linear optimization, the decision variables 
should not be multiplied in the objective function or the constraints. However, because 
the apex location ݔ௦ is always multiplied by the slope variable ߚ, a new decision variable 
ݔఉ = ݔ௦ߚ is introduced, and the value of the variable ݔ௦ can be calculated after solving 
the problem. 
In the optimization model, many changes are made to express the problem as a MILP 
problem. The constant Ψఈ  is introduced, since it is only dependent on ߙ and ߚ଴, both 
constants. New variables ݕఉଵ and ݕఉଶ are introduced. Their values should equal to ߚݔ௞ଵ −
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ݔఉ and ߚݔ௟ଶ − ݔఉ at the selected points respectively. The so called Big-M method is used 
to set the values of the variables ݕఉଵ and ݕఉଶ to the value given above only for the selected 
points, and to zero elsewhere. To calculate the shift, absolute value needs to be calculated. 
Because absolute value is not a linear function, it has been linearized by introducing new 
variables (ߪଵ  and ߪଶ ) and constraints. For more on these methods, see Bertsimas & 
Tsitsiklis (1997). 
The binary vector variables ࣕଵଵ, ࣕଶଵ, ࣕଵଶ and ࣕ૛ଶ  are determining the indices of the polygon 
end points that are taken to calculation. On both sides there has to be two selected polygon 
end points. The points have to be identified, that is why two binary vectors with only one 
value 1 on each side is introduced, instead of just having one binary vector that has two 
non-zero variable values. Because the points have to be adjacent, the constraints −1 ≤
࡯ࢀࣕଵ
ଵ − ࡯ࢀࣕ૛
ଵ ≤ 1 and −1 ≤ ࡯ࢀࣕଵଶ − ࡯ࢀࣕ૛ଶ ≤ 1 are introduced. The constraints ࣕଵଵ(݇) −
ࣕଶ
ଵ(݇) ≤ 1  and ࣕଵଶ(݈) − ࣕଶଶ(݈) ≤ 1	  ensure that the selected points on each side are 
different. 
This formulation is based on the assumption that the edge normals of the feasible set of 
edges are facing the plane intersection line. This is necessarily not the case, as mentioned 
before. The edge normals can also be pointing away from the intersection line on both 
sides. Then the azimuth angle used in calculating the length of the curved section would 
be the difference of ߨ and the azimuth angle given in (91). The constant Ψఈ would then 
be calculated differently 
 Ψఈ೗೚೙೒ = ට ୡ୭ୱమఈୱ୧୬మ ఈାఉబమ ቆߨ − tanିଵ ቆටୱ୧୬మ ఈାఉబమୡ୭ୱమఈ ቇቇ. (100) 
 
Also, if the edges are facing away from the plane intersection line, the constraints too 
need to be changed so that discontinuity boundaries are on the outside of the plates:  
 
ߚݔ௞
ଵ − ݔఉ ≥ ݕ௞
ଵ − ൫1 − ࣕଵଵ(݇) − ࣕଶଵ(݇)൯ܯ 
ߚݔ௟
ଶ − ݔఉ ≥ ݕ௟
ଶ − ൫1 − ࣕଵଶ(݈) − ࣕଶଶ(݈)൯ܯ	. 
 
(101) 
The plate extension length too needs to be calculated differently with edges facing away 
from the intersection line, taking into account the fact that now the discontinuity boundary 
is on the other side of the plate. Thus the objective needs to be rewritten 
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 ܮ௔௩௚ = ൭ቀΨఈ೗೚೙೒ + 1ቁቆ∑ݕఉଵ2 + ∑ݕఉଶ2 ቇ+ ߪ1 + ߪଶ − 12࢟ଵ(ࣕଵଵ + ࣕଶଵ) − 12࢟ଶ(ࣕଵଶ + ࣕଶଶ)൱. (102) 
 
4.6.8 THE BEND TOPOLOGY MULTI-OBJECTIVE OPTIMIZATION PROBLEM 
FORMULATION 
In this section, the multi objective optimization problem for finding the optimal topology 
of a bend is formulated as a MILP problem. The attempt in the multi-objective 
optimization problem is to understand what sort of tradeoff the user is willing to accept 
between the length and the width of the bend. As already discussed, the distance between 
the plates should not affect the results. Let the net length be defined as the difference 
between the length of the bend and the minimum length as solved in 4.6.6 
 Δܮ = ܮ − ܮmin	. (103) 
 
Similarly, let the net width be defined as the addition of width compared to the bend with 
the minimum length 
 Δݓ = ݓ −ݓ௅೘೔೙. (104) 
 
Essentially we wish to assure that adding more width to the bend does not add too much 
to the bend length. Therefore the multi-objective optimization problem could be 
simplified to a single objective MILP-problem, where the width is maximized and the 
length is controlled based on the tradeoff. The constant ߦ determines the threshold value 
how much the net length can be in relation to the net width. 
The optimization problem is formulated as a MILP-problem 
 
min−ݓ	
ݏ. ݐ.Δܮ ≤ ߦΔݓ	. (105) 
 
First, the width ݓ needs to be written in a linear form using a similar linearization as in 
Section 4.6.7. This is trivial, because of the assumption in Section 4.6.6, which states that 
the lateral boundary end points should be equally far on the axis x. The width can then be 
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therefore calculated as the difference of the average x-values of the corner points, or 
simply as the average edge length projected to the intersection curve over both sides 
 ݓ = |ݔ௞ଵ − ݔ௞ାଵଵ | + |ݔ௟ଶ − ݔ௟ାଵଶ |2 	. (106) 
 
As in the MILP problem for finding the minimum length bend, binary variables are used 
to  determine  which  polygon  corner  points  on  either  side  are  chosen.  In  the  minimum  
length bend problem, only two consecutive points are chosen, whereas in this problem, 
the attempt is to find a string of polygon points on either side. Therefore the binary vectors 
determining the selected corner points have to consist of either a string of consecutive 
ones and the rest zeroes, or a string of consecutive zeroes and the rest ones. A binary 
vector with one string of consecutive ones can be generated as follows 
 
ܥࣕ ≤ ߡ௠௔௫ 	
ܥࣕ ≥ ߡ௠௜௡ − (1 − ߳ଵ)ܯ	
૚்ࣕ = (1 + ߡ௠௔௫ − ߡ௠௜௡)	. (107) 
 
To define a measurement for the bend length in the case of connecting two arbitrary length 
arrays of edges using a linear formulation is not completely straightforward. As with the 
minimum length bend problem, the shift has to be taken into account. Also, it needs to be 
decided whether the length is calculated in terms of the maximum distance or the average 
distance. There is no obvious pairing between the polygon corner points on one side and 
another. 
We seek to define the length rather in terms of the absolute (maximum local) length than 
in terms of the average length. For example, consider the case depicted in Figure 32. If 
the bend on the dark gray area were to be augmented with the lighter gray area, the 
average length would increase only a little, but the absolute length would increase 
significantly. In this case, the addition would not be desirable, so the length should be 
measured based on the absolute length. 
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Figure 32. Augmenting plate extension causes a major increase in the 
absolute length, but only a minor increase in average length. 
 
Therefore let the absolute length of the bend be measured using the following function 
 ܮ௦௣௔௡ = ܮcurve,max + ܮଵ,max + ܮଶ,	max + ܮ௦௛௜௙௧. (108) 
 
Let  us  call  this  function  the  length  span.  It  is  the  sum of  four  terms:  1. the maximum 
length of the curved section circular directrix curves, 2. the maximum distance of the 
polygon corner point from the discontinuity boundary, on a line perpendicular to the 
intersection line, over all selected points in polygon 1, and 3. the same maximum distance 
over the selected corner points of the second polygon. The fourth term is the shift along 
the x-axis as defined in Section 4.6.6. 
The curved section maximum length can be calculated as 
 ܮcurve,	max = 2ݕ௔௩௚Ψఈ = ߚ ቀmax
௞
{(ݔ௞ଵ − ݔ௦)} + max௞ {(ݔ௞ଵ − ݔ௦)}ቁΨఈ. (109) 
 
Using the same formulation as in (99), the curved section length can be expressed as a 
linear function 
 
ܮ௖௨௥௩௘,௠௔௫ = Ψఈ൫ݕఉଵି௠௔௫ + ݕఉଶି௠௔௫൯	
ݕఉଵି௠௔௫ ≥ ݕఉଵ(݇)∀	݇ ∈ ݊ଵ	
ݕఉଵି௠௔௫ ≥ ݕఉଶ(݈)∀	݈ ∈ ݊ଶ	. (110) 
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The maximum distance from the polygon corner points to the discontinuity boundary on 
either side also needs a new variable 
 
ܮଵ,max ≥ ݕ௞ − ߚݔ௞ଵ + ݔఉ	∀݇ ∈ ݊ଵ	
ܮଶ,	max ≥ ݕ௞ − ߚݔ௟ଶ + ݔఉ	∀݈	 ∈ ݊ଶ. (111) 
 
The shift is simply the sum of the differences of the extreme values of the variable x from 
side to side 
 ܮ௦௛௜௙௧ = ݔ௠௔௫௦௛௜௙௧ + ݔ௠௜௡௦௛௜௙௧ = |ݔmax-xଵ − ݔmaxଶ | + |ݔmax-xଵ − ݔmaxଶ |. (112) 
 
The length span can therefore be expressed as 
 ܮ௦௣௔௡ = Ψఈ൫ݕఉଵି௠௔௫ + ݕఉଶି௠௔௫൯ + ܮଵ,max + ܮଶ,	max. (113) 
 
The net length span is the difference of the length span and the minimum length as 
calculated in the previous MILP problem 
 
Δܮ = ܮ௦௣௔௡ − ܮ௠௜௡= Ψఈ൫ݕఉଵି௠௔௫ + ݕఉଶି௠௔௫൯ + ܮଵ,max + ܮଶ,	max − ܮ௠௜௡ . (114) 
 
The linear optimization problem maximizing the total width can therefore be expressed 
as a MILP problem: 
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 min−࢞௜ଵࣕ௠௔௫ଵ − ࢞௜ଵࣕ௠௜௡ଵ2 − ࢞௜ଶࣕ௠௔௫ଶ − ࢞௜ଶࣕ௠௜௡ଶ2 + 1M ቀ෍ቀ߳ଵ(݇)ݕ௞ଵ − ݕఉଵ(݇)ቁ + ෍ቀ߳ଶ(݈)ݕ௟ଵ − ݕఉଶ(݈)ቁቁ	
ݏ. ݐ.	
ࣕ௜(݇) − ࣕ௠௔௫௜ (݇) ≥ 0, 	ࣕ௜(݇) − ࣕ௠௜௡௜ (݇) ≥ 0		∀݇ ∈ ݊௜			
૚்ࣕ௠௔௫௜ = 1,૚்ࣕ௠௜௡௜ = 1	
Ψఈ൫ݕఉଵି௠௔௫ + ݕఉଶି௠௔௫൯ + ܮଵ,max + ܮଶ,	max + ݔ௠௔௫௦௛௜௙௧ + ݔ௠௜௡௦௛௜௙௧ − ܮ௠௜௡
≤ ߦ ቆ
࢞௜
ଵࣕ௠௔௫ଵ − ࢞௜
ଵࣕ௠௜௡
ଵ2 + ࢞௜ଶࣕ௠௔௫ଶ − ࢞௜ଶࣕ௠௜௡ଶ2 − ݓ௅minቇ	
ݔ௠௔௫
௦௛௜௙௧ ≥ 0, ݔ௠௔௫௦௛௜௙௧ ≥ ࢞௜ଵࣕ௠௔௫ଵ − ࢞௜ଶࣕ௠௔௫ଶ , ݔ௠௔௫௦௛௜௙௧ ≥ ࢞௜ଶࣕ௠௔௫ଶ − ࢞௜ଵࣕ௠௔௫ଵ 	
ݔ௠௜௡
௦௛௜௙௧ ≥ 0, ݔ௠௜௡௦௛௜௙௧ ≥ ࢞௜ଵࣕ௠௜௡ଵ − ࢞௜ଶࣕ௠௜௡ଶ , ݔ௠௜௡௦௛௜௙௧ ≥ ࢞௜ଶࣕ௠௜௡ଶ − ࢞௜ଵࣕ௠௜௡ଵ 	
ߡ௠௜௡
ଵ − (1 − ࣕଵଵ)ܯ ≤ ࡯(݇)ࣕଵ௜ (݇) ≤ ߡ௠௔௫௜ 		∀݇ ∈ ݊௜	
૚்ࣕଵ
௜ = 1 + ߡ௠௔௫௜ − ߡ௠௜௡௜ 	
ߡ௠௔௫௜ − ߡ௠௜௡
௜ ≥ 1	
ࣕ௜(݇) ≥ 0	∀݇ ∈ ݊௜	
ࣕ௜(݇) ≥ ࣕଵ௜ (݇) − (1 − ߞ௜)ܯ	∀݇ ∈ ݊௜	
ࣕ௜(݇) ≤ ࣕଵ௜ (݇) + (1 − ߞ௜)ܯ	∀݇ ∈ ݊௜	
ࣕ࢏(݇) ≥ ቀ1 − ࣕଵ௜ (݇)ቁ − ߞ௜ܯ	∀݇ ∈ ݊௜	
ࣕ࢏(݇) ≤ ቀ1 − ࣕଵ௜ (݇)ቁ + ߞ௜ܯ	∀݇ ∈ ݊௜	
ݕఉ௜ି௠௔௫ ≥ ݕఉ௜(݇)∀	݇ ∈ ݊௜	
ܮ௜,max ≥ ݕ௞௜ − ߚݔ௞௜ + ݔఉ − ቀ1 − ࣕ࢏(݇)ቁܯ	∀݇ ∈ ݊௜	
ߚݔ௞
௜ − ݔఉ ≤ ݕ௞
௜ + ቀ1 − ࣕ࢏(݇)ቁܯ	∀݇ ∈ ݊௜	
ߚݔ௞
௜ − ݔఉ ≥ 0 − ቀ1 − ࣕ࢏(݇)ቁܯ	∀݇ ∈ ݊௜	
ݕఉ௜(݇) ≥ 0, ݕఉ௜(݇) ≥ ߚݔ௞௜ − ݔఉ − ቀ1 − ࣕ௜(݇)ቁܯ				∀݇ ∈ ݊௜.	
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4.7 PROTOTYPE IMPLEMENTATION 
To test the method for connecting flat elemental plates using the methods presented here, 
a prototype computer program is made. A 3D modeling suite is used to model the flat 
elemental plates. The 3D data will then be transferred to the prototype program using a 
plug-in  of  the  3D modeling  suite  specifically  made  for  reading  the  3D-data  of  the  flat  
plates and transferring it to the prototype program. When the prototype program is 
finished, it generates a script file that creates the bent section 3D data in the 3D modeling 
suite. 
The aim of the prototype is to verify, if the use cases presented in Section 4.6.2 can be 
handled by the automatic bend topology algorithm based on the MILP-formulation, and 
to study the computational complexity of the optimization problem. The prototype does 
not verify the geometric or topological unfoldability of the bent plate structures, but only 
finds the sets of edges that could be connected and generates the bends.  
 
Figure 33. Data flow in the prototype implementation 
 
The prototype program takes the geometry of two elemental plates as an input, interprets 
the 3D data provided by the modeling suite and calculates the minimum length bend using 
the MILP formulation presented in Section 4.6.7. Based on the minimum length 
calculated, the program selects the edges to be connected using the MILP formulation 
presented in Section 4.6.8. As a byproduct, other bend parameters are also calculated. 
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Then, if the bend slope is smaller than a given constant threshold, the conical curved 
section is replaced with a plate extension minimizing cylindrical curved section. Finally 
the lateral boundary is calculated according to the user input and the curved section and 
plate extension geometry is exported back to the 3D modeling suite using a generated 
script.  
The prototype program is implemented using the C++ -programming language and a 64 
bit Windows executable is compiled using Microsoft Visual Studio 2013 compiler. In 
addition to the standard C++ 11 libraries, a library for vector calculus is used. COIN-OR 
Symphony 5.5.0 is used for calculating MILP problems. The 3D modeling suite used is 
Trimble Sketchup, and the plug-in made for Trimble Sketchup is programmed using the 
Ruby scripting language. 
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5 COMPUTATIONAL RESULTS 
The algorithm for finding the bend topology is tested using the prototype program and 
six different sets of elemental plates to be connected. The elemental plates in each use 
case are presented in Figure 34. The test case (a) has several simple planes to be connected 
to form a typical folded plate structure. This test case demonstrates the most typical use 
case where folded plates are used.  
All other test cases only have two elemental plates that are then connected with either a 
conical or a cylindrical bend. The test case (b) is added to demonstrate how the developed 
algorithm could help in creating a lofted bend, that is used connect a round and a 
rectangular pipe. Test case (c) depicts a situation where a bent plate structure is created 
by ripping a plate before bending. 
Test case (d) is used as a test piece to see what sort of results the algorithm gives when 
the input elemental plates are of a more irregular shape. The case (e) on the other hand is 
there to demonstrate the tradeoff between bend width and bend length.  Finally, test case 
(f) is there to test the calculation time, when the number of edges is especially large. For 
each use case, the calculation time of both the minimum length calculations and the final 
solving of the optimization model is retrieved.  
 
Figure 34. Elemental plates in use cases tested with the prototype 
program 
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Table 1. Number of variables and computing times of test cases. 
 
A 64 bit binary of the prototype program was run with the test cases presented above. The 
test computer was running a Windows 7 Enterprise operating system and had an Intel 
Xeon E3-1270 central processing unit with 8 cores and 16 GB of memory. However, only 
three of the CPU cores were used for solving the MILP problem.  
The computing times to calculate the minimum length bend and the optimum bend 
topology as well as the numbers of variables in each test case are given in Table 1. In the 
minimum length bend problem, two values are reported for all variables. This is because 
the minimum length bend problem needs to be solved for two different sets of edges – the 
edges facing the intersection line, and the edges facing away from the intersection line. 
The most spectacular feature of the calculation times is that finding the minimum length 
bend takes a considerably longer time than solving the seemingly more complicated 
multi-objective optimization problem of finding the bend topology. The reason most 
probably lies in the formulation. According to Bertsimas & Tsitsiklis  (1997), “Extensive 
computational experience suggests that the choice of a formulation is crucial [in integer 
programming].” Also, a great majority of the time spent in calculating the minimum 
length bend goes to finding the integer solution after having found the solution of the 
linear relaxation of the problem. All  this evidence suggests that  the formulation of the 
minimum length bend problem should be reformulated so that the optimum of the linear 
relaxation of the problem is closer to the optimum of the full MILP problem. 
The problem with the formulation of the minimum length bend problem presented in 4.6.7 
is that the binary variable vectors ࣕଵଵ, ࣕଵଶ, ࣕ૛ଵ and ࣕ૛ଶ, determining which corner points are 
chosen on each side, can get values other than 1 or 0 as a result of the linear relaxation of 
 Finding minimum length bend
Test case a* b c d e f
Time /ms 74 + 189 929 + 88 1813 + 107 1190 + 1950 1146 + 950 47245 + 2241
Number of all variables 16 + 16 19 + 16 34 + 16 22 + 34 19 + 22 121 + 34
Number of integer variables 8 + 8 10 + 8 20 + 8 12 + 20 10 + 12 78 + 20
Number of constraints 36 + 36 42 + 36 72 + 36 48 + 72 42 + 48 246 + 72
Finding optimum bend
Test case a* b c d e f
Time /ms 117 122 102 114 332 6972
Number of all variables 30 30 30 54 38 170
Number of integer variables 16 16 16 22 18 51
Number of constraints 63 63 63 135 87 483
* The tes t cas e a has s everal bends .  The large conical bend res ults are reporte d here. 
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the optimization problem. However, this is not the case in the formulation of the optimum 
bend MILP problem presented in 4.6.8. Because of the way the index numbers are used 
to restrict the selected edges and to make sure the selected edges are consecutive, already 
solving the linear programming relaxation of the problem ensures that the binary variables 
indicating the selected edges are either 1 or 0. 
In the bend topology optimization MILP problem, neither the number of all variables, 
number  of  integer  variables  nor  the  number  of  constraints  seem  to  fully  explain  the  
computational time required. Especially the case (e) that seems quite simple, takes a 
considerably longer time to solve than the case (d) that has more edges, decision variables, 
constraints and looks more complicated. However the results of the case (f) suggest that 
the overall complexity of the problem adds to the calculation time of the algorithm. 
The test cases with the bent sections calculated are presented in Figure 35. The results are 
as expected and cover the typical use cases given in Section 4.6.2. The aim of the 
development of the algorithm presented in this thesis, was to create a method that saves 
the user the time of not having to select the edges and determining all parameters 
manually  to  get  visible  results.  The  calculation  time,  even  with  the  most  complex  test  
cases was relatively low and most probably a lot less than what the user would need to 
create the same bend inputting the parameters manually. However, before using the 
algorithm in any software product, the minimum length bend optimization problem would 
have to be reformulated in such a way, that it requires less computation time. This could 
be achieved by using a similar approach to restrict the indices of the selected edges, the 
same way as was done in the multi objective optimization model.  
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Figure 35. The resulting bends of the test cases 
 
As can be seen in Figure 35, the test case (b) does not result in the geometry needed for a 
lofted bend. The reason is, that the method presented in this thesis only supports right 
cones. However, the cone section needed in a lofted bend needs to be non-right. Therefore 
to fully support lofted bends, an intuitive way to define non-right cones as well as a way 
to use them when attaching two elemental  plates with a bent section would have to be 
determined. 
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6 CONCLUSIONS 
The objective of this thesis was to introduce a modeling concept for bent steel plates and 
generating  them,  and  to  build  a  prototype  for  testing  the  usability  of  the  concept  
developed. The thesis also aimed at reviewing relevant literature related to modeling bent 
steel plates in a software product. Mixed Integer Linear Programming is used in the 
proposed decision making algorithm to effectively find the most desirable bent plate 
structure that would satisfy most common use cases that were identified.  
Unfolding and modeling of a bent steel plate has been studied quite extensively before, 
but no other papers were found in the literature review to have studied the automatic 
generation of bent steel plate structures in a BIM product. In the modeling approach 
chosen in this thesis, the generation of a bent steel plate structure was based on the user 
to input the flat areas of the bent plate. The software product should automatically 
calculate the best guess for the structure of the whole bent plate, still letting the user to 
edit the parameters of the bends later. 
The proposed decision model can create satisfactory bent plate structures with most of 
the common use cases identified based on discussions with and documents from the Tekla 
business department. The decision model provides the software user with a good starting 
point for modeling curved metal elements in a BIM-model. The model works sufficiently 
fast and reliably.  
However, it is not a tool that could be used as such without the possibility to make changes 
to the generated bent plate objects in the model afterwards. In an engineering tool all 
parameters need to be accessible manually so that specific and accurate values can be 
used in design. It does not take into account the physical properties of the generated object 
or consider its structural endurance.  
6.1 FUTURE RESEARCH  
The computation time of the MILP-problem solving the optimal bend is reasonably low, 
and constitutes no issues in ordinary use cases. However, the computing time of the 
MILP-problem for solving the minimum length bend is relatively long compared to the 
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calculation of the seemingly more complex optimal bend topology problem. The 
minimum length bend problem should be reformulated as proposed in Section 5. 
The model developed in this thesis could be used in a BIM software product for 
generating model objects of bent metal plate structures. The decision model and modeling 
approach presented in this thesis is not material-dependent, so it could also be used with 
other materials that can be bent, such as plastics, paper and cardboard. The approach has 
potential for being used in other industries than building and construction too, such as 
ship building, packing or industrial design. Using the modeling approach for other 
purposes would require further research. 
One useful byproduct of formulating the bend fitting problem as a linear programming 
model is that it could be used for validating whether the bend parameters are feasible. 
Because the algorithm solving linear programming problems works so that it verifies that 
the problem is feasible, the bend parameters could be added to the linear programming 
model’s constraints, and solve the optimization model with some objective function (such 
as a constant). The optimization problem developed could be modified to solve the 
constraint programming problem for finding whether given parameters are feasible. 
Currently the model developed is based on the judgment and materials provided by the 
business unit of Tekla. The algorithm developed in the thesis could be improved by 
conducting a more extensive research on typical use cases of bent steel plate structures. 
Also,  there  still  remains  a  great  deal  to  be  studied  in  the  optimal  design  of  the  user  
interaction of the tool creating bent plate structures. 
As presented in this thesis, the proposed decision model only supports curved sections of 
the shape of a circular cylinder or a right circular cone. This is a restrictive limitation and 
there are many other possible developable surface geometries that could be used. 
Different developable surface parameterizations and methods the users could define them 
intuitively still remain to be studied. Also, in this thesis only two different 
parameterizations for lateral boundaries of the bend are presented. Many relevant lateral 
boundary parameterizations would still need to be studied. 
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APPENDIX 1. ALGORITHM FOR FINDING 
OVERLAPPING SECTIONS OF A LINE AND A 
POLYGON 
The algorithm presented here finds the intersection points of a polygon and a line, and 
then determines which sections of the line are within and which sections are without the 
polygon. This problem is known as line/polygon clipping (Tilove, 1980).  
The idea is to calculate all the intersection points of the polygon and the line. Thereafter, 
the intersection points are ordered in terms of the direction vector of the line. Then the 
intersection points are categorized into two categories based on the (out-pointing) 
normals of the polygon edge: (1) the line entering the polygon area, (2) the line exiting 
the polygon area. Finally the type of the section between each pair of consecutive points 
is determined by inferring from the intersection point values. 
The cases where the line is going along an edge is considered “outside” of the polygon. 
This is because the algorithm is used for verifying the boundaries of a curved section, and 
it is clear that there is nothing wrong about the curved section boundary going along a 
polygon edge. 
The algorithm is presented in pseudo code as follows: 
// go through edges, find intersections and type them 
FOR EACH edge IN edges DO 
   IF intersects(line, edge) THEN 
      exiting := dot(line.direction, edge.out_pointing_normal) 
      IF exiting < 0 THEN 
         section_points.add(ENTER, dot(intersectionpoint, line.direction)) 
      ELSE IF exiting > 0 THEN 
         section_points.add(EXIT, dot(intersectionpoint, line.direction)) 
      END IF 
   END IF 
LOOP 
//sort intersection points according to their line coordinates and create sections 
sort_by_last_column(section_points) 
sections := new ArrayOfSections() 
sections.add(WITHOUT) 
sections.last.start_point := -infinity 
FOR EACH point IN section_points DO 
   sections.last.end_point := point[1] 
   IF point[0] == ENTER THEN 
      sections.add(WITHIN) 
   ELSE 
      sections.add(WITHOUT) 
   END IF 
   sections.last.start_point := point[1] 
LOOP 
sections.last.end_point := +infinity 
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APPENDIX 2. FINDING A GEODESIC OF A CONE 
Here we find the geodesic of a cone using calculus of variation. First, using the approach 
given in and modifying slightly the tutorial by The Digital University (2012) Euler-
Lagrange equation is used to find the minimum. Then the constant values derived for 
known start and end points of the geodesic. 
In cylindrical coordinates a cone, whose axis is aligned with the z-axis can be expressed 
as follows 
ݖଶ = ݉ଶܴଶ. 
The following relationship holds for the variation of arc length in in a cylindrical 
coordinate system 
݀ݏଶ = ܴ݀ଶ + ܴଶ݀ߠଶ + ݀ݖଶ. 
The component ݀ݖଶ can be substituted with the term ݉ଶܴ݀ଶ, and the arc length equation 
can be formulated to be  
݀ݏ = ඥ(1 + ݉ଶ)ܴ݀ଶ + ܴଶ݀ߠଶ. 
By dividing all the terms under the square root sign by ܴ݀ଶ and integrating, arc length 
can be expressed as  
න݀ݏ = නඨ(1 + ݉ଶ) + ܴଶ ൬߲ߠ
߲ܴ
൰
ଶ
ܴ݀. 
A simple variation problem can be formulated as follows. Find the function ݔ∗  that 
minimizes or maximizes the functional 
ܬ(ݔ) = න ݃(ݔ(ݐ), ̇ݔ(ݐ), ݐ)݀ݐ௧భ
௧బ
. 
For ݔ to be extremal, the Euler equation has to hold true (Kirk, 1970). 
߲݃
߲ݔ
(ݔ(ݐ), ̇ݔ(ݐ), ݐ	) − ݀
݀ݐ
൤
߲݃
߲̇ݔ
(ݔ(ݐ), ̇ݔ(ݐ), ݐ	)൨ = 0. 
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As can be seen, the arc length can be interpreted as a functional of this sort and so, the 
above Euler equation also has to hold for the geodesic expressed as the azimuth angle 
ߠ(ܴ). Let us denote డఏ
డோ
= ̇ߠ. 
݀
ܴ݀
ቈ
߲
߲̇ߠ
ቆට(1 + ݉ଶ) + ܴଶ̇ߠଶቇ቉ = 0 
The partial derivate over ̇ߠ is  
߲
߲̇ߠ
ቆට(1 + ݉ଶ) + ܴଶ̇ߠଶቇ = ܴଶ̇ߠ
ඥ(1 + ݉ଶ) + ܴଶ̇ߠଶ	. 
This has to equal to a constant. Let us denote that constant by ܥଶ so that 
ቀ(1 + ݉ଶ) + ܴଶ̇ߠଶቁܥଶଶ = ܴସ̇ߠଶ	. 
This can be further simplified to 
̇ߠଶ = (1 + ݉ଶ)ܥଶଶ
ܴଶ(ܴଶ − ܥଶଶ) 
̇ߠ = ±ඥ(1 + ݉ଶ)ܥଶ
ܴඥܴଶ − ܥଶ
ଶ
	. 
Because ̇ߠ = డఏ
డோ
, the expression above becomes 
න݀ߠ = ±ඥ(1 + ݉ଶ)ܥଶන ܴ݀
ܴඥܴଶ − ܥଶ
ଶ
	. 
To integrate the latter integral above, let R be substituted by a secant function of a 
substitute variable ߶ 
ܴ = ܥଶ sec(߶)	
ܴ݀ = ܥଶ sec(߶) tan(߶)݀߶	
߶ = secିଵ ൬ܴ
ܥଶ
൰ = cosିଵ ൬ܥଶ
ܴ
൰	. 
Therefore the integration can be expressed as 
න݀ߠ = ±ඥ(1 + ݉ଶ)ܥଶන ܥଶ sec(߶) tan(߶)
ܥଶ sec(߶) ܥଶඥsecଶ(߶) − 1݀߶	. 
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Because secଶ(ݔ) − 1 = tanଶ(ݔ), the expression can be simplified and integrated 
න݀ߠ = ±ඥ(1 + ݉ଶ)න sec(߶) tan(߶)sec(߶) tan(߶)݀߶	
ߠ + ܥଵ = ±ඥ(1 + ݉ଶ)߶, 
where ܥଵ  is the integration constant. The ±  sign  only  defines  the  direction  of  the  
geodesic, which is irrelevant, so the expression can be simplified 
ߠ = ඥ1 + ݉ଶ secିଵ ൬ܴ
ܥଶ
൰ − ܥଵ	. 
Getting rid of the inverse secant function and solving the equation for ܥଶ, we get 
cos ൬ ߠ + ܥଵ
√1 + ݉ଶ൰ = ܥଶܴ 	, 
which is equivalent to: 
ܴ cos ൬ ߠ + ܥଵ
√1 + ݉ଶ൰ = ܥଶ	. 
This equation has to hold for both end points of the geodesic. Let the radial component 
of the first point of the geodesic be denoted ܴଵ and for the second point ܴଶ. Because the 
geodesic end points are an equal angle from the intersection line of the planes, the azimuth 
angles are −ߠ and ߠ, i.e., 
ܴଵ cos൬−ߠ + ܥଵ
√1 + ݉ଶ൰ = ܴଶ cos൬ ߠ + ܥଵ√1 + ݉ଶ൰	 . 
Let ఏ
√ଵା௠మ
 be denoted ߠ෠ and ஼భ
√ଵା௠మ
 be denoted ܥመଵ 
ܴଵ cos൫−ߠ෠ + ܥመଵ൯ = ܴଶ cos൫ߠ෠ + ܥመଵ൯	. 
We solve this for ܥመଵ 
ܴଵ cos−ߠ෠ cosܥመଵ − ܴଵ sin−ߠ෠ sinܥመଵ = ܴଶ cosߠ෠ cosܥመଵ − ܴଶ sin ߠ෠ sinܥመଵ 
tan ܥመଵ = ൫ܴଶ cosߠ෠ − ܴଵ cosߠ෠൯൫ܴଶ sin ߠ෠ + ܴଵ sinߠ෠൯ 	. 
Finally ܥଵ can be solved based on ܥመଵ 
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tan ܥଵ
√1 + ݉ଶ = ൬ܴଶ cos ߠ√1 + ݉ଶ − ܴଵ cos ߠ√1 + ݉ଶ൰൬ܴଶ sin ߠ
√1 + ݉ଶ + ܴଵ sin ߠ√1 + ݉ଶ൰ 	
ܥଵ = ඥ1 + ݉ଶ tanିଵ ൬ܴଶ − ܴଵܴଶ + ܴଵ cot ߠ√1 + ݉ଶ൰. 
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APPENDIX 3. DERIVING THE ANGLE BETWEEN A 
GEODESIC AND A GENERATOR LINE ON A CONE 
cos൫ߙ(ߠ௅)൯ = ࢙ᇱ௚ௗ(ߠ௅) ⋅ ࢙̇௚௟(ߠ௅)ฮ࢙ᇱ௚ௗ(ߠ௅)ฮ	ฮ࢙̇௚௟(ߠ௅)ฮ 
The derivative of a geodesic of a right circular cone can be expressed as 
࢙ᇱࢍࢊ(ߠ) = (cos(ߠ)ܴᇱ(ߠ) − ܴ(ߠ) sin(ߠ))࢘଴ + (sin(ߠ)ܴᇱ(ߠ) + ܴ(ߠ) cos(ߠ))࢘଴ × ࢎ଴ 	+ ܴܽᇱ(ఏ)ࢎబ . 
The derivative of a generator line of a ruled surface is 
࢙̇ࢍ࢒(ߠ) = ߲࢙௚௟߲ܮ = cosߠ ࢘଴ + sinߠ ࢘଴ × ࢎ଴ + ܽࢎ଴. 
The angle between the geodesic derivative and the generator line derivative can be solved 
based on their dot product and the lengths of the derivative vectors. The dot product: 
࢙ᇱ௚ௗ(ߠ௅) ⋅ ࢙̇௚௟(ߠ௅)= (cosଶ(ߠ௅)ܴᇱ(ߠ௅) − ܴ(ߠ௅) cos(ߠ௅) sin(ߠ௅))+ (sinଶ(ߠ௅)ܴᇱ(ߠ௅) + ܴ(ߠ௅) cos(ߠ௅) sin(ߠ௅)) + ܽଶܴᇱ(ߠ)= (1 + ܽଶ)ܴᇱ(ߠ௅). 
The lengths of the derivative vectors are 
ฮ࢙ᇱ௚ௗ(ߠ௅)ฮ = (cosଶ(ߠ)ܴᇱଶ(ߠ) − 2 cos(ߠ) sin(ߠ)ܴ(ߠ)ܴᇱ(ߠ) + sinଶ(ߠ)ܴଶ(ߠ)+ sinଶ(ߠ)ܴᇱଶ(ߠ) + 2 cos(ߠ) sin(ߠ)ܴ(ߠ)ܴᇱ(ߠ) + cosଶ(ߠ)ܴଶ(ߠ)+ ܽଶܴᇱଶ(ߠ))ଵଶ = ൫(ܽଶ + 1)ܴᇱଶ(ߠ) + ܴଶ(ߠ)൯ଵଶ	 
ฮ࢙̇௚௟(ߠ௅)ฮ = (ܽଶ + 1)ଵଶ. 
The cosine of the angle between the vectors is the dot product of the vectors divided by 
the product of the vector lengths 
cos൫ߙ(ߠ௅)൯ = (ܽଶ + 1)ܴᇱ(ߠ௅)
൫(ܽଶ + 1)ଶܴᇱଶ(ߠ௅) + (ܽଶ + 1)ܴଶ(ߠ௅)൯ଵଶ = ܴᇱ(ߠ௅)൬ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)(ܽଶ + 1)൰ଵଶ	. 
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APPENDIX 4.UNFOLDED STRAIGHT LINE 
BORDERS IN A CONICAL BEND 
The lateral boundary coordinates on the unfolded plane are a straight line 
ݕmax = ܣ + ܤݔmax	. 
Getting the values of ݕmax and ݔmax from (67), the equation above can be expanded 
−ඥܽଶ + 1	ܴ(ߠ௅)ܥ = ܣ + ܤ(ܮ(ߠ௅) + (ܽଶ + 1)ܴᇱ(ߠ௅)ܥ) 
−ቀඥܽଶ + 1	ܴ(ߠ௅) + (ܽଶ + 1)ܴᇱ(ߠ௅)ܤቁܥ = ܣ + ܤܮ(ߠ௅),	
where C is an auxiliary variable. The equation above is solved for ܥ: 
ܥ = −
ܣ + ܤܮ(ߠ௅)
൫√ܽଶ + 1	ܴ(ߠ௅) + (ܽଶ + 1)ܴᇱ(ߠ௅)ܤ൯	. 
The value of C is expanded 
ܴmax(ߠ௅) − ܴ(ߠ௅)
ඥ(ܽଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅) = − ܣ + ܤܮ(ߠ௅)൫√ܽଶ + 1	ܴ(ߠ௅) + (ܽଶ + 1)ܴᇱ(ߠ௅)ܤ൯. 
Solving it for ܴmax(ߠ௅) gives the following equation 
ܴmax(ߠ௅) = ܴ(ߠ௅) − ൫ܣ + ܤܮ(ߠ௅)൯ ඥ(ܽଶ + 1)ܴᇱଶ(ߠ௅) + ܴଶ(ߠ௅)
√ܽଶ + 1	ܴ(ߠ௅) + (ܽଶ + 1)ܴᇱ(ߠ௅)ܤ	. 
The value of  ܴ (ߠ) and its derivative, its squared form and the squared form derivative 
are  
ܴ(ߠ) = ஼మ
ୡ୭ୱቀ
ഇశ಴భ
√భశೌ
ቁ
, ܴଶ = ஼మమ
ୡ୭ୱమቀ
ഇశ಴భ
√భశೌ
ቁ
, ܴᇱ(ߠ) = ஼మ
√ଵା௔
୲ୟ୬ቀ
ഇశ಴భ
√భశೌ
ቁ
ୡ୭ୱቀ
ഇశ಴భ
√భశೌ
ቁ
, ܴᇱଶ(ߠ) = ஼మమ
ଵା௔
୲ୟ୬మቀ
ഇశ಴భ
√భశೌ
ቁ
ୡ୭ୱమቀ
ഇశ಴భ
√భశೌ
ቁ
. 
Solving the equation gives the radius at the lateral boundary 
ܴmax(ߠ௅) = ܥଶcos൬ߠ௅ + ܥଵ
√1 + ܽ൰ − ܣ + ܤܮ(ߠ௅)൫√ܽଶ + 1൯ cos൬ߠ௅ + ܥଵ√1 + ܽ൰ + (ܽଶ + 1)√1 + ܽ sin ൬ߠ௅ + ܥଵ√1 + ܽ൰ܤ. 
